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Abstract

As research dives deeper into the foundations of our physical world, physical theories
become more sophisticated and mathematically complex. New methods have to be
developed to analyse and understand the results uncovered. A prevalent tool to
inspect covariant field theories is the Hamiltonian formalism, which requires the
singling out of a specific time direction to compute the canonical momenta. The
polysymplectic De Donder-Weyl Hamiltonian formalism [1, 2, 3] may be a covariant
alternative to the classical Hamiltonian.
We review General Relativity and Bimetric Theory [4] and introduce the De Donder-
Weyl Hamiltonian, with a focus on practical application to existing theories. We
compute the equations of motion for a SO(1, 5) gauge theory inspired by MacDowell
and Mansouri’s construction [5]. It is shown that, in contrast to the traditional
formalism, the point during the calculation at which the SO(1, 5) symmetry is broken
has no influence on the result. We also introduce the constraint analysis in terms
of the new formalism and apply it to the action of Bimetric Theory up to the
computation of the complete set of secondary constraints.
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Introduction

The two most important theories describing the fundamental physics of our world
are the Standard Model of particle physics (SM) and General Relativity (GR). While
the SM applies on the smallest scales like the electroweak theory and strong inter-
actions, GR works on the biggest scales and spawned theories like cosmology, which
describes the largest-scale structures in the universe and their dynamics.
In the last 100 years physicists have been able to observe and thoroughly test the
predictions made by GR, putting the theory on a solid foundation. This requires
any modified theory to make the same predictions as GR to be considered physical.
Describing some observations in a consistent theoretical framework requires going
beyond GR. One observation of note is the acceleration of the universe. This be-
haviour can be captured by adding a cosmological constant to the equation of motion
(EoM) of GR. The origin of this constant, however, cannot be derived in unmodified
GR. Another interesting observation that might require an extension of GR is dark
matter. There are galaxies in the universe which, according to GR, would not be
able to form or hold together and therefore require additional matter, dark matter,
to interact with the visible matter to be stable. These anomalies and other factors
led physicists to consider extended theories of gravity.
Like the SM, GR can be formulated as a relativistic field theory. Where in the SM
the fields are of spin-0, 1/2 and 1, the field of GR is a massless spin-2 field. A natural
extension of such a massless spin-2 theory is the addition of a massive spin-2 field.
To a linear level, a massive spin-2 theory has first been inspected by Fierz and Pauli
[6]. A covariant action of a fixed massless and a dynamic massive spin-2 field was
first believed to be impossible due to the appearance of a ghost [7]. However, in [8,
9] it was shown that by promoting both metrics to the dynamic status the ghost is
eliminated and the action is covariant. This theory is called Bimetric Theory (BT)
[4]. In [10] the authors formulated BT in a gauge theoretic way based on the SO(1, 5)

group, inspired by the construction of MacDowell and Mansouri [5]. A similar action
to BT was obtained by taking advantage of a local splitting of SO(1, 5), breaking
the symmetry down to SO(1, 3)× SO(2).
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A classic approach to evaluate such theories and their physicality, i.e. whether they
contain the correct amount of degrees of freedom (DoF) or propagate a ghost, is the
Hamiltonian constraint analysis introduced by Dirac [11]. In this analysis one starts
out with the Hamiltonian of the theory and computes its constraints in an iterative
way. This approach has been used by a lot of physicists to inspect the validity of
their theories and has been a useful tool in their toolbox. But as theories grow more
complex, their tools have to grow as well. GR is formulated in a covariant way, i.e.
the action does not provide a preferred time direction. To do a Hamiltonian analy-
sis, however, one must choose such a direction to be able to compute the canonical
momenta. The De Donder-Weyl (DDW) Hamiltonian formalism [1, 2, 3] is an ex-
tension to the traditional Hamiltonian formalism, where this covariance is retained.
Although this formalism has been known since the 1930’s it only recently started
gaining popularity [12]. In this formulation, the analogue to the canonical momenta
are the polymomenta, which are partial derivatives of the Lagrangian density in
all space-time directions instead of just the time direction. This gives the DDW
Hamiltonian some interesting properties, which are not present in the traditional
Hamiltonian.
In this work we will apply the DDW formalism to the SO(1, 5) gauge theory of [10]
and inspect the constraints of BT. In the former we uncover that, we were able to
apply the DDW formalism to both the SO(1, 3)×SO(2) action from [10] and the full
SO(1, 5) action, projecting the EoM down to SO(1, 3) × SO(2), and still arrive at
the same results. The constraint analysis of BT is done in an explicit and detailed
manner for the primary constraints and the consistency conditions, following the
approach introduced in [13].
Understanding the DDW formalism requires a solid foundation of differential geom-
etry that goes beyond the level taught in graduate physics classes. Therefore this
thesis aims to break it down to its most essential parts and still give a comprehen-
sive introduction to the formalism. With every new tool in a tool kit, it is necessary
to evaluate its validity and usefulness. Obviously, every formalism is absolutely re-
quired to deliver valid physical results, which we assume for a given, regarding the
literature ([14, 15, 16] to name a few). One of the requirements for this thesis is, that
it should be written in a way so that it can be understood by a graduate student.
This gives us a natural lens through which to judge the formalism. We will answer
the question, whether this formalism could be taught in graduate classes to enhance
a students tool kit. The search for the answer to this question will not get its own
section in this thesis. It can rather be seen as a sub-theme or a common thread



weaving itself through this work.
The first half of this thesis will introduce the physical and mathematical background,
necessary to understand the second half, where we will work with the actual formal-
ism and theories mentioned. In chapter 1, we will introduce several spin-2 theories,
starting with GR and its vielbein formulation and ending with BT. Chapter 2 con-
tains the MacDowell-Mansouri approach to a gauge theory of GR and the SO(1, 5)

theory of [10]. In chapter 3 we will get to know the Hamiltonian formalism and the
constraint analysis introduced by Dirac and apply it to a short example in the con-
text of GR. Following that, in chapter 4 we introduce the DDW formalism together
with a short application of a system of real scalar fields. Chapter 5 sees the applica-
tion of the DDW formalism to the SO(1, 5) theory previously introduced. The final
chapter 6, before the conclusion and outlook in 7, is the constraint analysis of BT.





1 Spin-2 Theories

This chapter will give an overview of General Relativity (GR) and two other pop-
ular spin-2 field theories. Those two theories are massive gravity (section 1.3) and
bimetric gravity (section 1.4).

1.1 Relativistic Field theories

The two pillars on which our understanding of physics rests today are Einstein’s
theory of general relativity, which describes all gravitational phenomena, and the
standard model of particle physics (SM), which covers everything else. Both theo-
ries are formulated as field theories. Such theories describe the world through the
dynamics and interactions of fields. These fields are classified in the Wigner classi-
fication [17] by their spin and mass, where the spin of a field is determined by its
representation. For example, a scalar field would have spin 0 or a vector field would
be of spin 1. The physical degrees of freedom (DoF) of a field are determined by
its mass (or masslessness) and spin. A massive field always has 2s + 1 DoF, with s
being the spin, whereas a massless field has always only 2 DoF (except for the real
scalar field, which has 1 DoF).
There exist consistent theories of spin 0, 1/2 and 1 for both massive and massless
fields. When quantized, these fields and their interactions become the foundational
parts making up the standard model. To formulate such a theory, one usually starts
at the field Langrangian and applies the principle of least action (see chapter 3) to
arrive at the equations of motion describing the dynamics of such a field. As an
example consider the covariant formulation of Maxwell theory, describing the vector
potential Aµ. The source-free Lagrangian is

L = −1

4
FµνF

µν , (1.1)
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where Fµν is the field strength tensor Fµν = ∂µAν − ∂νAµ. The equation of motion
is

∂µF
µν = 0. (1.2)

But Aµ has 4 free functions, while the theory should only have 2 DoF. Is there
something wrong? No, but we still have some gauge fixing left to do. First, by
looking at the definition of Fµν , we see that it is invariant under the transformation
Aµ → A′

µ = Aµ + ∂µϕ for any differentiable scalar function ϕ(x). We can fix one
component of Aµ by choosing ϕ, such that ∂µ∂µϕ = −∂µAµ. By doing this (1.2)
becomes

∂µ∂
µAν = 0.

We are left with 3 DoF and are able to fix another component of Aµ by introducing
a field solving ∂µ∂µφ = 0 and repeating a similar process to the one outlined above.
This is called the Lorenz gauge and is one popular way of fixing the DoF that are
left over.
So far, the process of finding constraints and gauge fixing to remove the unphysical
DoF of a theory has just been roughly sketched out, but one can already tell that it
can become quite complex for fields with a higher number of DoF.
The metric gµν in GR is the massless field of the classic theory of a spin-2 field and
is a case where the number of free parameters is much higher (10) than the actual
physical DoF (2). The natural question to ask is whether there exist massive spin-2
fields and we will go into more detail on that in sections 1.3 and 1.4.
When talking about DoF and physicality of a theory, one has to mention ghosts.
Ghosts are fields with a negative kinetic term. A theory must be ghost-free to be
physical, since otherwise the Hamiltonian would not be bounded from below. One
example of such a field is the Boulware-Deser ghost [7, 18], which we will look at in
more detail in section 1.3.

1.2 General Relativity

1.2.1 Introduction

The most well-known spin-2 theory is Einstein’s theory of GR [19]. It is a geometric
theory of gravity, where gravity manifests itself in the curvature of 4-dimensional
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spacetime. It is formulated as a field theory of the spin-2 field gµν , which is the
metric on the manifold M we call spacetime. The curvature on M is described by
the Riemann tensor given in terms of the Levi Civita connection ∇ and can be
expressed as

Rαβµνv
β = [∇µ,∇ν ]v

α,

for any vector vα, where [a, b] = (ab− ba) is the commutator. Vectors that are
parallely transported in a loop on curved space tend to change. This change is
described by the Riemann tensor and is, for an area δSγδ, given by

δvα = RαβγδδS
γδvβ.

The connection, or covariant derivative, is unique and given by ∇αgµν = 0. For the
arbitrary vector vα the covariant derivative is defined as

∇αv
β = ∂αv

β + Γβαγv
γ ,

where the Γβαγ are called Christoffel symbols. They are defined as

Γαβγ =
1

2
gαδ(∂βgγδ + ∂βgαδ − ∂δgβγ). (1.3)

The above definition of the Christoffel symbols is a consequence of spacetime being
torsion-free. Torsion is described by the torsion tensor and can be envisioned as
the ’twist’ of the tangent vector of a curve as the curve evolves. By contracting two
indices of the the Riemann tensor we obtain the Ricci tensor

Rµν = Rαµαν .

Contracting this tensor with the metric gµν , we get the Ricci scalar

R = gµνRµν ,

which is used in the construction of the Einstein-Hilbert action

SEH = m2
P

∫
d4x

√
−g(R− 2Λ), (1.4)
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where mP is the reduced Planck mass defined as m2
P = h̄c

16πG and Λ is the cosmologi-
cal constant. In the above definition we follow the convention of writing g = detgµν .
In the presence of matter fields the total action becomes

S = SEH + SM . (1.5)

Varying (1.5) with respect to the metric we are able to compute Einsteins field
equations

Rµν −
1

2
Rgµν + Λgµν = Gµν + Λgµν =

1

m2
P

Tµν , (1.6)

where Tµν is the energy-momentum tensor we gain by varying SM and Gµν is called
the Einstein tensor. The Einstein tensor satisfies the Bianchi identities

∇µGµν = 0,

which implies local energy-momentum conservation ∇µTµν = 0. Comparing (1.6)
and the EoM (1.2), we see that the Einstein equations are not linear in the metric
gµν . This means that the field will interact with itself and give rise to a non-linear
theory, leading to problems in formulations of massive gravity, see section 1.3.

1.2.2 The 3+1 formalism

The Hamiltonian formalism, which will be introduced in chapter 3, requires the
singling out of a specific coordinate in L as the time coordinate (for example, we
need it to define the canonical momenta). To accomplish that we need to find a
useful splitting of the metric gµν . This was done by foliating spacetime into a set
of spacelike hypersurfaces Σ ⊂M , which share a common orthogonal time direction
[20]. The metric can then be decomposed into

g =

(
−N2 +NkN

k Nj

Ni γij

)
, (1.7)
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whereN is called the lapse, Ni is a 3-vector on Σ called the shift and γij is the induced
metric obtained by restricting g to Σ. The inverse of g in the 3+1 decomposition
takes on the form

g−1 = N−2

(
−1 N j

N i N2γij −N iN j

)
.

Using the above decomposition (1.7), we can express the action (1.5) in terms of
N , Ni and γij . The action does not depend on time derivatives of either the lapse
or the shift. Therefore, the only dynamical variables are the components of γij and
their canonical momenta πij defined as

πij =
∂LEH
∂ ˙γij

=
m2
P

√
γ

2N

(
2γi[kγj]l ˙γij −∇iN j −∇jN i + 2γij∇kNk

)
,

where γ̇ denotes a time derivative, γi[kγj]l = 1
2(γ

ikγjl−γijγkl) and ∇i is the covariant
derivative compatible with γij . The Einstein-Hilbert action without matter action
or cosmological constant can then be expressed as

SEH =

∫
d4x
(
πij γ̇ij +NC +N iCi

)
, (1.8)

where

C = m2
P

√
γR(γ) +

1

m2
P

√
γ

(
π2

2
− πijπij

)
and

Ci = 2
√
γ∇jπij

with R(γ) being the Ricci scalar associated with γ.

1.2.3 The vielbein formalism

The metric is not the only way to mathematically represent a spin-2 field. In all
calculations and definitions above, we have worked in the so called holonomic basis,
i.e. ∂µ for the tangent space and dxµ for the cotangent space. But this is not the
only choice of basis we can make. Let us choose a set of basis vectors eA = eµA∂µ

and one-forms eA = eAµdxµ where A = 0, 1, 2, 3, such that
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g(eA, eB) = eµAgµνe
ν
B = ηAB and the same for the inverse

g−1(eA, eB) = eAµ g
µνeBν = ηAB.

Because we know that ∂µdxν = δνµ, we can show that eµA and eAµ are inverses of each
other:

eAe
B = eµAe

B
ν ∂µdxν = eµAe

B
µ = δBA .

This construction is called vielbein or tetrad (or vierbein in this case 1) and can be
represented as an invertible matrix with 16 components eµA. They form an orthonor-
mal basis of the tangent and cotangent spaces. This approach was first formulated
by Einstein in 1928 in the attempt of unifying gravity and electromagnetism[21].
Although the notation is similar, note that the vielbein is not a tensor. The two sep-
arate sets of indices denote that it connects two different vector spaces. The greek
indices denote spacetime indices, while the capital latin letters are called Lorentz
indices.
The matrix representing the vierbein can always be brought into a lower triangular
form, using a Lorentz transformation. In the 3+1 decomposition this takes the form

e =

(
N 0

EajN
j Eai

)
and e−1 =

1

N

(
1 0

−N i NEia

)
, (1.9)

where Eai is the spatial vielbein obtained by doing the above construction for the
metric γij (Note that we kept the indices a, b reserved as spatial Lorentz indices).
In the vierbein formulation the Einstein-Hilbert action (1.4) becomes

SEH = m2
P

∫
d4xdet(e)R(e),

where R(e) is the Ricci scalar in terms of e. Using the decomposition (1.9), we arrive
at a expression similar to (1.8), namely

1vielbein is German and means manyleg, a vierbein is a fourleg
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SEH =

∫
d4x

(
π(E)iaĖ

a
i −NC −N iCi −

1

2
λabPab

)
, (1.10)

where Pab are related to the spatial part of the Lorentz transformation. A detailed
computation of (1.10) is found in [22] and is not very relevant for understanding
the concept. What is relevant though is the fact the we were able to single out
specific parts of the metric gµν , pinpoint where the dynamics lie and simplify the
representation of the action SEH . Another advantage of this formulation is that
some of the calculations, like counting the DoF, are easier, although we pick up
an extra constraint in the form of Pab. This is because of the fact that N and
N i take on the shape of Lagrange multipliers for the constraints C and Ci. One of
the disadvantages of this approach is the fact, that it becomes extremely hard, to
untangle these equations and go back to the old metric formulation.

1.2.4 The spin connection and the Palatini action

The Christoffel symbols (1.3) are the connection forms of the Levi-Civita connection
on the manifold M . With the introduction of the vielbeins there is another connec-
tion form called the spin connection ωABµ , which is necessary to define a covariant
derivative acting on the Lorentz indices, namely

DµVA = ∂µVA + ωBµAVB.

The associated curvature 2-form is

RABµν = 2∂[µω
A
ν]B + 2ωA[µCω

CB
ν] .

With the spin connection there is a more general covariant derivative for tensors like
V = V A

µ dxµ ⊗ eA, i.e.

∇µV
A
ν = ∂µV

A
ν − ΓαµνV

A
α + ωAµBV

B
ν , (1.11)

which annihilates the vielbein (∇µe
A
ν = 0) and completely determines the spin con-

nection. Treating e and ω as independent fields, the Ricci scalar of GR can now be
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expressed in terms of eAµ and the curvature RABµν , which yields the Palatini action
with a cosmological constant

SP =

∫
d4x

√
−gR =

∫
d4xe

(
eµAe

ν
BR

AB
µν + Λ

)
, (1.12)

where we used the fact that
√
−g = e [23]. In this formalism, the metric g is not the

most fundamental field any more and the relation between the spin connection and
the Christoffel symbols is given by

ωABµ = eAν Γ
ν
σµe

σB − eνB∂µe
A
ν .

One more thing to note here, is that the spin connection is the gauge field generated
by local Lorentz transformations, which becomes important in chapter 2 where we
will inspect several approaches to gravity as a gauge theory.

1.3 Massive Gravity

A theory of massive gravity is constructed by simply adding a mass term for the
metric to the action of a massless spin-2 field. We will begin by looking at the
approach formulated by Fierz and Pauli [6], which is a linear theory, and afterwards
continue on to the non-linear theory.

1.3.1 Fierz-Pauli theory

The linear theory is achieved by expanding the metric around a flat background, i.e.
the Minkowski metric. This gives

gµν = ηµν +
1

mP
hµν , (1.13)

where hµν , the perturbation, is the field of interest. We will continue to formulate
EoM for h up to linear order. The free action for h up to quadratic order becomes

S =
1

2

∫
d4xhµνEµνρσhρσ,
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where

Eµνρσ = −
(
ηρ[ν∂σ]∂µ + ηµ[ρ∂ν]∂σ + ηµ[νηρ]σ∂2

)
.

The tensor Eµνρσ is the linearized Einstein tensor. It is obtained by plugging (1.13)
and it’s inverse gµν = ηµν − ηµαhαβη

βν +O(h2) into the expression (1.3) and com-
puting the Einstein tensor from the resulting expression up to linear order in h.
The field equations then become

E ρσ
µν hρσ = 0,

where we use the Minkowski metric to raise and lower indices.
Similar to (1.1), the action of h is invariant under the infinitesimal spacetime trans-
lation

hµν → hµν − 2∂(µϕν), (1.14)

where we used the commutator in the indices to express ∂(µϕν) = 1
2(∂µϕν + ∂νϕµ).

This symmetry is related to the fact that GR is diffeomorphism invariant and gives
us the ability to fix 4 DoF of hµν using ϕµ.
The next step is the addition of a mass term to the action, which yields

SFP =
1

2

∫
d4x

(
hµνEµνρσhρσ −

m2

2
(hµνhµν − ah2)

)
, (1.15)

where m is the mass of the field h, a a dimensionless scaling factor and h := hµµ.
The variation of (1.15) gives us the EoM

E ρσ
µν hρσ −

m2

2
(hµν − aηµνh) = 0. (1.16)

We see that the symmetry (1.14) is broken by the mass term. To find some con-
straints we can apply the contracted Bianchi identity ∂µE ρσ

µν hρσ = 0, which leads
us to the constraints

9



∂µhµν − a∂νh = 0. (1.17)

We were able to remove 4 DoF from the 10 propagating modes of the symmetric
field hµν . This leaves us with 6 DoF. However, a massive spin-2 field is supposed to
have 5 DoF. To find the last constraint, we take the trace of (1.16) and arrive at

∂µ(∂νhµν − ∂µh)−
m2

2
(1− 4a)h = 0.

The above equation turns into a constraint for the exact case where a = 1, because
then we can apply (1.17) to eliminate the first term and are left with the fifth
constraint h = 0. This leaves us with 5 and therefore the correct number of DoF
for a massive spin-2 field theory. This is only the case if a = 1 otherwise the theory
would contain a ghost and would be unphysical.

1.3.2 Nonlinear massive gravity

A mass term for a spin-2 field must be a scalar density, meaning it should be some
scalar function V (g) multiplied by the scalar density

√
−g. Therefore, it cannot

have any free indices, which is where the first problem lies. We cannot simply
construct a similar action to (1.15), as the contraction gµνgµν = 4 is trivial. De
Rahm and Gabadadze concluded from this, that it is not possible to construct a
covariant nonlinear action without the introduction of a second tensor field [24, 25] .
This could theoretically be any object with enough indices, but the minimal choice
is a rank-2 tensor fµν . The introduced field is then used to contract with gµν and
is interpreted as a background metric. A general action is expected to take on the
form

S =

∫
d4x

√
−g
[
R(g)−m2V (g, f)

]
.

The issue with this construction however, as argued in [7] and [18], is the additional
sixth DoF referred to as the Boulware-Deser ghost. This is due to two reasons. First,
by looking at the 3+1 decomposition of g

10



S =

∫
d4x
[
πij γ̇ij +NC +N iCi −m2V (g, f)

]
,

we see that the lapse and shift are not Lagrange multipliers any longer, if V (g, f) is
not linear in either of them. Therefore, their EoM will not function as constraints
on γij any more. The mass term breaks covariance and we are not able to remove
DoF through coordinate transformations. We are not able to constrain any of the
12 DoF propagating in γij and πij .
De Rahm, Gabadze and Tolley were able to construct an action which circumvents
the above problem [24, 25]. The resulting theory is called dRGT massive gravity and
has the action

SdRGT =

∫
d4x

√
−g

[
R− 2m2

4∑
n=0

βnen(S)

]
. (1.18)

The matrix S is the square root of g−1f defined as Sµν Sνγ = gµνfνγ and the βn are
free parameters of the theory. The en(S) are the elementary symmetric polynomials
of the eigenvalues of S and defined as

e0(S) = 1, e1(S) = [S], e2(S) =
1

2
([S]2 − [S2]) (1.19)

e3(S) =
1

6

(
[S]3 − 3[S][S2] + 2[S3]

)
(1.20)

e4(S) =
1

24

(
[S]4 − 6[S]2[S2] + 3[S2]2 + 8[S][S3]− 6[S4]

)
(1.21)

= detS, (1.22)

where [S] = Tr(S). The derivation of the theory was done on a flat background, i.e.
for fµν = ηµν . Later on, it was shown in [26] that the action is consistent for arbitrary
fµν and βn and that there exist constraints that remove the Boulware-Deser ghost
[27] [8].

1.4 Bimetric Gravity

In their bimetric theory Hassan and Rosen [4] promoted the fixed metric fµν from
massive gravity to a dynamic field and showed that the resulting theory is ghost-free.
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This would not only make the theory more natural, since f was added into (1.18)
and fixed by hand, but also make the theory generally covariant again. With two
dynamic metrics the action takes on the form

SHR =

∫
d4x

[
m2
g

√
−gR(g) +m2

f

√
−fR(f)− 2m4√−g

4∑
n=0

βnen(S)

]
, (1.23)

where mf/g are the Planck masses for the respective sector and the rest is similar
to (1.18). Looking at the mass term, it seems like the action treats g different
from f . But the action is actually symmetric under the exchange of f and g, if we
simultaneously exchange mf ↔ mg and βn ↔ β4−n, because

√
−g

4∑
n=0

βnen(
√
g−1f) =

√
−f

4∑
n=0

βne4−n(
√
f−1g)

as shown in [4].
Varying the action (1.23) with respect to f and g yields the EoM

Gµν(g) = −m
4

m2
g

V (g)
µν

Gµν(f) = −m
4

m2
f

V (f)
µν ,

with Gµν(f or g) being the respective Einstein tensor and

V (g)
µν = − 2√

−g
∂

∂gµν

[
√
−g

4∑
n=0

βnen(S)

]
and (1.24)

V (f)
µν = − 2√

−f
∂

∂fµν

[
√
−g

4∑
n=0

βne4−n(S
−1)

]
. (1.25)

Applying the 3+1 decomposition (see section 1.2.2) to gµν and fµν , we can decom-
pose the Einstein-Hilbert part of (1.23) into

12



SHR =

∫
d4x
[
πij γ̇ij +NCN +N iCNi + θijφ̇ij + LCL + LiCLi

−2m4N
√
γ

4∑
n=0

βnen(S)

]
, (1.26)

where L,Li and φij are the lapse, shift and spatial matrix of fµν and θij the canonical
momentum of φij . As expected, the lapses and shifts do not appear linearly in the
interaction terms. However, as the interaction terms do only depend on the shifts
in the form of N i − Li it is possible to make the field redefinition [24] [8] [27]

N i − Li = Lni +NDi
kn

j , (1.27)

with which we are then able to express one set of the shifts in terms of the new shift
variable ni. The specific shape of the matrix D is not relevant here, but it is chosen
to make sure the action is linear in both lapses, for more details see [4]. Using this
redefinition, the action then becomes

SHR =

∫
d4x
(
πij γ̇ij + θijφ̇ij +NCN + LCM + LiCLi

)
. (1.28)

We arrived at the same shape as we did for GR before and are able to count the
DoF2. A theory containing a massless and a massive spin-2 field should in total have
4 + 10 = 14 DoF in phase space. Currently we have a total of 24 DoF, with 6 each
from all the dynamical quantities, i.e. πij , θij , γij and φij . The constraints CN = 0,
CL = 0 and CLi = 0 remove 5 DoF, while general coordinate transformations can be
used to eliminate an additional 4 DoF. This leaves one additional constraint, which
remains to be found. After the field redefinition, the Hamiltonian of (1.28) can be
brought into the form

H =

∫
d4x(H0 −NC),

2Note that the constraints in (1.28) differ from (1.26) due to the redefinition (1.27)
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where H0 is the entire Hamiltonian that does not depend on N . Since every con-
straint needs to be conserved in time, we inspect the Poisson bracket of C and H.
The result is

Ċ(x) = {C(x),H}

=

∫
d4y({C(x),H0(y)} −N(y){C(x), C(y)}),

where C and H0 are independent of N . This means, that if {C(x), C(y)} vanishes, Ċ
will be independent of N and therefore yield a secondary constraint. This secondary
constraint then removes the last DoF. There had been objections against bimetric
theory, claiming the bracket could be non-zero [28]. It has been proven in [9] that the
bracket vanishes weakly and that the secondary constraint exists, making bimetric
gravity a ghost free theory.
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2 Gravity as gauge theory

This chapter will give the reader an overview of gauge theories in the context of
spin-2 theories, e.g. general relativity. We will start out by giving an introduction
into gauge theories. Moving on, we will look at the theory by MacDowell and
Mansouri [5], which is a gauge theoretic formulation of GR based on the SO(1, 4)

group. Finally, we will inspect an attempt to formulate bimetric theory as a gauge
theory of the SO(1, 5) group. A lot of the mathematics is expressed in the language
of differential forms, a quick primer of which can be found in Appendix 1.2.

2.1 Introduction

In chapter 1 we learned that it is possible to express GR and other theories describing
gravitational phenomena in form of a spin-2 field theory. This is motivated by
our current day understanding and mathematical formulation of the SM, where
all particles are represented as fields of certain spin. A crucial part of the SM
are local gauge symmetries, which ensure the renormalizability and unitarity of its
theories. As we inspected GR, massive gravity and bimetric gravity, the only gauge
symmetries admitted were the usual diffeomorphisms. The natural question to ask
here is, whether there is a way to formulate GR or similar theories to admit further
gauge symmetries and therefore taking one more step towards the unification of
theories of gravity and the SM.
In gauge theories of gravity, we usually associate a vector space TxM with every
point x on a manifold M . The gauge is then just a basis of TxM , where the choice
of a specific gauge is usually called gauge fixing (remember (1.2)). A change of basis
is called gauge transformation and is an element of a gauge group. The idea behind a
gauge theory is to construct a theory, which stays invariant under all transformations
contained within this group. The generators of the gauge group are a basis of the
Lie algebra associated with the gauge group. The Lie algebra is the tangent space
of the gauge group at it’s identity. In other words, a generator of a gauge group can
be interpreted as a vector pointing in the direction of the gauge transformation. For

15



example, consider a transformation group which describes a transformation along
a spiral in one direction with constant radius. This group would consists of two
generators. One generator would describe the translation along the given axis and
the second generator would describe the rotation around said axis.
A gauge theory contains a gauge field for each such generator. Gauge fields gives
us a way to define the covariant derivative, which prescribes how a vector in TxM

transforms as it is transported to another tangent space TyM . The gauge fields
connect the components of the vector with the generators and determine how strong
their influence on the transformation of those components is.

2.2 MacDowell Mansouri gravity

MacDowell and Mansouri [5] were able to construct a gauge theory of the SO(1, 4)

group, which results in the Palatini action (1.12). With A being the associated
SO(1, 4)-connection, or gauge field. A allows a splitting into an SO(1, 3)-connection
ωABµ and a coframe field1 eAµ , such that we can express the gauge field A

Aµ =

(
ωµ

1
l eµ

−1
l eµ 0

)
, (2.1)

where l is a constant with unit length, later to be related with the cosmological
constant. This can be explained by the fact that there exists a local decomposition
of the Lie algebra as vector spaces, namely

so(1, 4) ∼= so(1, 3)⊕ R(1,3).

In [5] this breaking down of the SO(1, 4) symmetry has been motivated by the fact
that the theory needs to be invariant under Lorentz transformations, which are part
of the SO(1, 3) ⊂ SO(1, 4) group. An interesting feature of the splitting (2.1) is that
it continues into the gauge curvature FA = dAA+A∧A. The curvature2 splits into
the so(1, 3)-valued 2-form Fω = Dωω− 1

l2
e∧e and the R1,3-valued 2-form Fe = Dωe,

where Dω is the covariant derivative Dω := d + ω∧. Note that R = Dωω is the

1A coframe field is a set of covectors which form a basis to the cotangent bundle.
2Sometimes also called field strength

16



curvature defined for the spin connection in section 1.2.4 3.
After the splitting we are able to construct an action from the curvature. In their
paper [5], MacDowell and Mansouri argue that the most general action one can
construct is

SMM =

∫
Tr(Fω ∧ Fω) = −1

4

∫
d4xFAB(ω)µνF

CD
(ω)ρσQABCDε

µνρσ, (2.2)

where tjhe trace is taken with respect to the Lorentz indices and the QABCD is a
constant which is symmetric under the exchange {AB} ↔ {CD} and antisymmetric
for A↔ B and C ↔ D4. The reason for the above construction is simple, but with
major consequences. There is no metric on the manifold M , because remember, the
metric in GR is a field itself. Without a metric we don’t have a consistent way to
define the raising and lowering of indices (as it was done in (1.1)) or a measure to
make the integral covariant. The action (2.2) is the most general covariant action
one can construct without a metric.
The action (2.2) can be related to the traditional vielbein action of GR with the help
of the Palatini action (1.12) by adding the term

∫
d4x(Dωω ∧Dωω), which vanishes

under variations, to SMM . The Palatini action in the language of differential forms
looks like

SP =

∫
Tr[e ∧ e ∧R− Λe ∧ e ∧ (e ∧ e)].

Using the expression of Fω = R− 1
l2
e ∧ e, we can express SMM as

SMM =

∫
Tr
[
R ∧R+

1

l4
e ∧ e ∧ (e ∧ e)− 2

l2
e ∧ e ∧R

]
= SP +

∫
Tr[R ∧R],

. The variation of the action (2.2) yields the two equations

3The term curvature might get confusing here, since we use it a lot. To clarify, a curvature can
only be defined in tandem with a connection, so when we talk about the ω curvature we mean
R = Dωω, while Fω is the part of the curvature of A corresponding to ω.

4An example would be the Levi-Civita symbol εABCD.
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DωFω = Dω(e ∧ e) = 0 and (2.3)

e ∧ Fω = 0. (2.4)

The first equation is just the expression of the torsion-free condition placed on
the manifold on which GR is formulated and the second one is the coordinate-free
expression of Einstein’s equations in terms of the spin connection and the vielbein
e. After fixing l2 = 3

Λ the Einstein equation take the form

e ∧R− Λ

3
e ∧ e ∧ e = 0.

A last thing of note here is the fact that this entire process only works, if the SO(1, 4)

symmetry is broken (A is split into ω and e) before the variation of the action. If we
were to break the symmetry after the variation, we would not be able to recover the
Einstein equations from the EoM. This can be easily shown by varying the action
obtained from the total curvature F and imposing the splitting (2.1) afterwards [50].

2.3 The SO(1,5) action and equations of motion

Inspired by the approach outlined in section 2.2 and works by [29], Fawad Hassan
and Luis Apolo constructed a theory that contains not one, but two coframe fields
e and t [10]. They arrived at a bimetric action similar to the ones studied in [30, 31,
32] and were able to find an action which contains a Lagrangian density for a partial
massless field. A partially massless field is a massive field, where the mass of the field
saturates the Higuchi bound [33] at which an additional constraint arises, reducing
the DoF of the field from 5 to 4 (therefore partially massless). This phenomenon is
outside of the scope of this thesis, but it has been inspected for bimetric theory in
several publications [30, 34, 35].
The gauge theory is constructed on the SO(1, 3)× SO(2) ⊂ SO(1, 5) group, which
is the global symmetry group of a massless and a partially massless spin-2 field [36].
The generators JAB of the so(1, 5) algebra fulfil the commutation relations

[JAB, JCD] = ηADJBC + ηBCJAD − ηACJBD − ηBDJAC ,
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where A,B ∈ {0, ..., 5} and ηAB is the Minkowski metric in 6 dimensions. The
breaking of the symmetry will be done in a way that the subalgebra so(1, 3)⊕ so(2)

is obtained. After introducing the notation

P (1)
a = Ja4, P (2)

a = Ja5, D = J45,

where a, b ∈ {0, . . . , 3} are the indices of the so(1, 3) subalgebra, the non-vanishing
commutators of the algebra take on the form

[Jab, Jcd] = ηadJbc + ηbcJad − ηacJbd − ηbdJac, (2.5)

[Jab, P
(i)
c ] = ηbcP

(i)
a − ηacP

(i)
b , (2.6)

[P (i)
a , P

(j)
b ] = εijηabD − δijJab, (2.7)

[D,P (i)
a ] = εijP(j)a. (2.8)

In the above equations, we introduced the indices {i, j} ∈ {1, 2}, which label vectors
of SO(2), while a, b are interpreted as tangent space indices. Following the approach
introduced in [29], the SO(1, 5) gauge field can be constructed from the generators,
giving

A =
1

2
ωabJab + l−1eaP (1)

a + l−1taP (2)
a +AD. (2.9)

The fields in (2.9) are interpreted as Lorentz spin connection ωabµ , two vielbeins eaµ
and taµ and a gauge vector field Aµ. The fields are one-forms, which is why we write
ea = eaµdxµ . To gain insight about the transformation behaviour of the fields, we
parametrise an infinitesimal SO(1, 5) transformation in the form

λ =
1

2
ΛabJab + χaP (1)

a + ζaP (1)
a + χD,

where Λab parametrises a Lorentz transformation and χD describe an SO(2) trans-
formation 5 After applying the infinitesimal gauge transformation of the form δλA =

5χaP
(1)
a +ζaP

(1)
a describes the ’left-over’ part of SO(1, 5), which will be broken in the construction

of the action later on.
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dλ+ [A, λ], we find that the vielbeins transform under SO(2) transformations as a
vector, namely as

δξ

(
eaµ

taµ

)
=

(
0 −ξ
ξ 0

)(
eaµ

taµ

)
.

Under Lorentz transformations they transforms as

δΛe
a = −Λabe

b and δΛt
a = −Λabt

b.

The homogeneous transformation under Lorentz transformation motivates the iden-
tification of eaµ and taµ as vielbeins and therefore leads naturally to the definition of
two metrics

gµν = eaµeaν and fµν = taµtaν , (2.10)

which are invariant under local Lorentz transformations. Knowing the transforma-
tion behaviour under SO(2) transformations, a SO(1, 3) × SO(2) invariant metric
can be defined:

Gµν := gµν + fµν . (2.11)

The curvatures F = dA+ A ∧ A, associated with the different fields, are

FabJ =
1

2
(Rab − l−2ea ∧ eb − l−2ta ∧ tb),

Fa
P (1) = l−1(Dωe

a +A ∧ ta),

Fa
P (2) = l−1(Dωt

a −A ∧ ea) and

FD = dA+ l−2ta ∧ ea,

whereRab = dω+ωac∧ωcb is the Riemann curvature and Dω = d+ωac∧ is the covariant
derivative with respect to the spin connection ω. Now that all the ingredients have
been introduced, the action can be constructed. The SO(1, 3) × SO(2)-invariant
action from [10] is of the form
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S =

∫
F abJ ∧ F cdJ εabcd − σ2

∫
FD ∧ ?FD, (2.12)

where the Hodge star ? is defined with regard to the metric Gµν . Notable here
is that by only considering the curvatures FJ and FD, which are associated to the
generators of the so(1, 3) and so(2) algebras respectively, the symmetry of the action
gets broken from SO(1, 5) down to SO(1, 3)× SO(2).
The EoM, obtained through variation of the action are then

εabcd(e
b ∧ F cd

P (1) + tb ∧ F cd
P (2)) = 0, (2.13)

σ2ta ∧ FD + εabcde
b ∧ F cdJ = 0, (2.14)

σ2ea ∧ FD − εabcdt
b ∧ F cdJ = 0, (2.15)

dFD = 0. (2.16)

It is argued in [10], that the spin connection should be imaginary, i.e. of the form
ωabµ = τabµ +iσabµ , because the EoM (2.13) can not be the correct EoM for two reasons.
For this argument, we will talk about the EoM for ω

εabcd(e
b ∧ F cd

P (1) + tb ∧ F cd
P (2)) = ea ∧ Dωeb + ta ∧ Dωtb = 0. (2.17)

First, the EoM above is SO(2) invariant, but independent of A. However, it is
argued in [34, 37, 38], there cannot be any PM interactions above cubic order present
in the theory.
The other argument is that, following [29], the action is not interpreted as a first
order action6, but as a second order action, where the spin connection is constrained
by

FaK = 0,

where K is some SO(1, 5) generator in the complement of SO(1, 3)×SO(2). It can
be argued that this is also true for the construction of MacDowell and Mansouri,
where there is only one generator in the complement of SO(1, 3), which manifests as
the torsionless condition (2.4). In our case, K could be e, t or any linear combination

6An action linear in derivatives
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thereof. The issue is, that for all choices, the only SO(2) invariant solution for ω is
ωab = 0.
If we take the spin connection to be imaginary though, there is such an SO(2)-
invariant constraint which we can define by using the complex vielbein

ψa = ea + ita. (2.18)

The constraint is of the form

FaH = Fa
P (1) + iFa

P (2) = l−1(Dω − iA) ∧ ψa = 0, (2.19)

where FaH is the curvature associated with ψa. As a summary, the requirement
for ω to be complex comes from the requirements of it being SO(2)-invariant and
satisfying non-trivial constraints. With the constraint (2.19) the spin connection is
given by

ωabµ = ψγaD[µψ
b
γ] − ψγbD[µψ

a
γ] − ψρaψσbψcµD[ρψ

c
σ], (2.20)

where Dµ = ∂µ − iAµ is the covariant derivative with respect to Aµ. | Having a
complex ω requires us to write the action as

S =

∫
F abJ ∧ F cdJ εabcd − σ2

∫
FD ∧ ?FD. (2.21)

An additional constraint is needed, which is necessary to make sure that bimetric
theories are equivalent in their vielbein and metric formulation [22]. This constraint
is

eaµtaν − taµeaν = 0. (2.22)

This constraint is necessary to remove half of the antisymmetric parts of the vielbeins
and to make sure no antisymmetric rank-2 tensor would propagate in the metric
formulation of the theory (since there is also no such tensor in GR). The constraint
(2.22) also leads to the absence of vielbeins in the FD term of the action (2.21). The
action with the complex spin connection and the vielbein (2.18) takes on the form
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S = −
m2
P

2

∫
εabcd

[
ψa ∧ ψ∗b ∧

[
ReRcd − 1

2l2
ψc ∧ ψ∗d

]
− l2

σ2

2

∫
F ∧ ?F

]
, (2.23)

where F = dA and we ignored the topological term
∫
Rab ∧ Rcdεabcd. Note that,

instead of ea and ta, we now treat ψa and ψ∗a as the two independent vielbeins.
With help of the symmetrization constraint (2.22), one can then find an expression
for

Sµν = (
√
g−1f)µν = eµat

a
ν

and write the above action as

S = m2
P

∫
d4x

√
geµae

ν
bReRabµν +m2

p

∫
d4x
√
ftµat

ν
bReRabµν

− 2m2
pl

2

∫
d4x

√
g

4∑
n=0

βnen(S)−m2
P l

2σ

2

∫
d4x

√
GGµαGνβFµνFαβ, (2.24)

where we used the expressions for the elementary symmetric polynomials en(S)
derived in [22]. The βn are given by

β0 = 3, β2 = 1, β4 = 3 and β1 = β3 = 0.

The rewritten action (2.24) is similar to the action of the bimetric theoy(1.23) with
differing kinetic terms. Under the rescaling t → αt and in the limit σ → ∞ and
α → 0 or ∞ with α2l−2 finite, one can decouple the two metrics and recover the
Einstein-Hilbert action of GR with a positive cosmological constant. In addition,
the limits α→ 0 or ∞ will turn the spin connection into the real spin connection of
GR for either of the vielbeins.
Similarly to bimetric theory, the action (2.24) allows proportional background so-
lutions, i.e. where the vielbeins are connected by an arbitrary constant c, with the
relations
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ea = ea ta = cea and A = 0. (2.25)

The resulting EoM reduces to

εabcdε
µνρσebν

(
Rcdαβ − 2l−2(1 + c2ecαe

d
β

)
= 0, (2.26)

where Rabαβ is the Riemann curvature for the real spin connection given by

ωabµ = eγa∂[µe
b
γ] − eγb∂[µe

a
γ] − eρaeσbecµ∂[ρe

c
σ].

The EoM (2.26) is equivalent to Einstein’s equations (1.6) with a cosmological con-
stant given by

Λ = 3l−2(1 + c2).

As shown above, the theory admits de Sitter backgrounds and yields the correct
EoM for GR in such a case. However, as we noted in section 1.4, the action of
bimetric gravity does contain enough constraints to eliminate unwanted ghosts from
the theory, but this has not yet been proven for the SO(1, 5) theory with the kinetic
terms of (2.24). It could be that a theory with kinetic terms of the form above
propagate additional DoF which cannot be removed. Recently, though, similar terms
have been inspected [39, 40, 41], resulting in the discovery of additional constraints
that remove ghosts beyond linear order [42, 43].
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3 The Hamiltonian formalism

This chapter will give the reader a thorough introduction into the Hamiltonian for-
malism. The concepts introduced here transfer in most parts to the DDW formalism
and will help bridge the gap between the unknown and the known for readers not
yet familiar with the main topic of this thesis.
In the following we will introduce core concepts like the Hamiltonian vector fields
and symplectic forms. We will also deal with the constrained Hamiltonian, which
will come in handy later on, when we work with the constrained DDW Hamiltonian
in the context of BT. This section is, unless specified otherwise, largely based on the
chapter The Hamilton method in the brilliant lectures of P. Dirac [11] and chapter 3
of [44].

3.1 The Hamiltonian

Field theories are generally expressed in terms of an action S, which is the functional

S =

∫
d4xL =

∫
dtL, (3.1)

where L is called the Lagrangian density and is defined such that its integral over
space becomes the Lagrangian L of the theory. The Lagrangian is a function of the
DoF, the fields qi, their time derivatives q̇i and the coordinates xµ. In field theory,
the fields are themselves functions of xµ. The expression (3.1) already contains all
the information about a theory. Varying the action and applying the principle of
least action, i.e. the principle that physical systems follow dynamics which minimize
(3.1), we get the Euler - Lagrange equations

∂L

∂qi
=

d
dt
∂L

∂q̇i
. (3.2)
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Note that in the above formulation we used partial derivatives. In the case, where
the qi depend on xµ, one would replace all partial derivatives in the above and the
following equations with the functional derivative

δL

δqi
:=

δ

δqi

∫
d3xL =

∫
d3

(
∂L
∂qi

− ∂µ
∂L

∂(∂µqi)

)
.

To move to the Hamiltonian formalism, we define the canonical momenta

pi =
∂L

∂q̇i
, (3.3)

with the help of which we can now introduce the Hamiltonian

H := piq̇i − L. (3.4)

The Hamiltonian is a function of q and p, though not of q̇. We can see this by
varying H, which gives us δ(piq̇i − L) = δpiq̇i − ( ∂L∂qi )δqi, i.e. all information about
the dynamics of H is contained in p and q.
Generally, to solve the Hamiltonian equations we try to express the q̇ in terms of the
Hamiltonian variables. From the above variation we also obtain the just mentioned
Hamiltonian equations

∂H

∂qi
= −ṗi and (3.5)

∂H

∂pi
= q̇i. (3.6)

These equations are another way for us to compute the equations of motion for
our system. But here we come to a very important point. The observant reader
might already have noticed that the Hamiltonian (3.4) is not necessarily unique.
We can add special functions C(qi, pi) = 0 to it, called constraints, which will not
change the Hamiltonian itself. Why is this important? In many theories there exist
constraints, which restrict the degrees of freedom this theory has. The degrees of
freedom that are left give a physicist a way to gauge whether a theory is physical
or not. Introduced by Dirac in [11], there exists a straight-forward way to find
and compute all constraints a Hamiltonian theory contains. Expanding the time
derivative in (3.2) we get
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Wij q̈
j +

∂2L

∂q̇i∂qj
− ∂L

∂qi
= 0, (3.7)

where Wij :=
∂2L
∂q̇i∂q̇j

=
∂pj
∂q̇i

. If Wij is invertible, then the q̈i are uniquely determined
by a function of qi and pj . However, is Wij not invertible, i.e. det(Wij) = 0, then
there exist constraints φA(qi, pj) = 0 restricting the amount of independent variables
in the Hamiltonian or in other words, restring the amount of DoF in phase space.
These constraints are called primary constraints. We can now extend not only the
Hamiltonian but also the Hamiltonian equations. The Hamiltonian containing all
primary constraints with coefficients λi is called the total Hamiltonian

Htot = H − λAφ
A (3.8)

and its equations become

q̇i =
∂H

∂pi
− λA

∂φA

∂pi
=
∂(H − λAφ

A)

∂pi
− ∂λA

∂pi
φA ≈ ∂Htot

∂pi
and (3.9)

ṗi = −∂H
∂qi

+ λA
∂φA

∂qi
= −∂(H − λAφ

A)

∂qi
− ∂λA

∂qi
φA ≈ −∂Htot

∂qi
. (3.10)

The sign ≈ used in the last equality is called a weak equality, denoting that this
equation holds only on the constraint surface defined by all constraints φA = 0.
This surface sits in the phase space spanned by all qi and pi and it’s dimension
is equal to the amount of degrees of freedom the theory possesses. In most cases,
the primary constraints do not yield a full set of constraints. This means, that
there are still constraints to be uncovered and for that Dirac developed a straight-
forward method [11]. But before we move further, we need to become familiar with
an important mathematical tool. The classical Poisson bracket is defined as

{f(q, p), g(q, p)} :=
∂f

∂qi

∂g

∂pi
− ∂g

∂qi

∂f

∂pi
. (3.11)

It gives us the possibility to write the Hamiltonian equations (3.9) in the form

q̇i = {qi,Htot}, ṗi = {pi,Htot}. (3.12)
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More generally, it is also true that for any function F (qi, p
i),

Ḟ ≈ {F,Htot}. (3.13)

We see that, given any function F of phase space, its time evolution can be com-
pletely described by the Poisson bracket between Htot and itself. It is said Htot

generates the change in F .
The expression (3.11) represents the local form of the Poisson bracket and is ob-
tained by choosing appropriate qi and pj . In a more general context the properties
of the Poisson bracket are captured by the Poisson tensor Pmn. The bracket then
takes on the form

{f, g} = Pmn(∂mf)(∂ng), (3.14)

where ∂m has indices for both q and p. The Poisson tensor is antisymmetric and
satisfies

εmnoPmn∂pPop = 0,

which is a consequence of the Poisson bracket fulfilling the Jacobi identity.
Although invertibility is not a given with Pmn, if it exists, we call the inverse Ωmn

the symplectic form. Unlike in Riemannian geometry, where we can simply use
the metric lowering the indices to indicate the inverse of the metric, in Poisson
geometry the inverse is −Pmn, which is why we use the symbol Ω. Equipped with
the symplectic form, we now possess another tool which enables us to express the
Poisson bracket as

Ω(Xf , Xg) = ΩmnPmoPnp∂of∂pg = −{f, g}. (3.15)

From the symplectic form we can define a vector field Xf for an arbitrary function
f called the Hamiltonian vector field, iff the interior product XfyΩ is an exact 1-
form (for a short introduction into forms and the interior product y, see Appendix
1.2). The interior product y is a contraction of a p-form and vector field, yielding a
p − 1-form. For a more thorough explanation see Appendix 1.3. The Hamiltonian
vector field induces a Hamiltonian flow on the manifold it is defined on. This flow
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may be interpreted as the direction of change in phase space associated to f . The
Hamiltonian H has a canonical vector field XH associated with it. The symplectic
form also relates the Hamiltonian with the Hamiltonian vector field in the way

XHyΩ = dH, (3.16)

where d is the exterior derivation, the explanation of which can be also found in
Appendix 1.2. Using the definition of the Poisson brackets introduced in (3.15), one
can then compute the EoM for pi and qi. In [45] E. Cartan introduced an even more
general formulation of the relation (3.16) using the Poincaré - Cartan (PC) form

Θ = pidqi −Hdt, (3.17)

showing that the EoM appear as solutions for curves of XH annihilating dΘ, i.e

XHydΘ = 0, (3.18)

a more detailed explanation of this can be found in Appendix 1.4.

As mentioned before, the primary constraints φA might not be enough to give a
full set of constraints for the theory. We can obtain further constraints by requiring
φ̇A = 0. From (3.13) we know that φ̇A = {φA,Htot}, which gives us a set of A
equations

{φA,H}+ λB{φA, φB} = 0.

Some of those equations might reduce to identically 0, meaning we can leave those
be and concentrate on the equations, which take the form

χB(q, p) = 0, (3.19)

and represent another constraint on the theory. These are called secondary con-
straints. Since these constraints are also required to be conserved in time, we follow
the same procedure as for the φA and get another system of B equations
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{χB,H}+ λC{χB, φC} = 0.

We carry on like that until no new constraints come up and we have discovered all
secondary constraints.
From here on, all constraints will be treated on equal footing and we drop the
distinction between primary and secondary constraints. Instead, we differentiate
the constraints by whether their Poisson bracket {φA, ·} vanishes weakly with all
other constraints or not. If it does, the constraint is called first-class, otherwise
it is a second-class constraint. If all constraints are second-class, we can solve for
all multipliers λA and determine the dynamics of the theory uniquely. If first-
class constraints are present, the dynamics will not be unique and there are gauge
symmetries present.
The obvious question here is: What are gauge transformations? To answer that,
first consider a Hamiltonian

H = H0 + λCCC ,

where all the second-class constraints have already been solved and incorporated
into H0 and only the first-class constraints CC and their undetermined multipliers
λC are left. For any function f and differing λC1 and λC2 , the infinitesimal time
evolution of f = f(t = 0) is

fj(t) = t({f,H0}+ {f, φi}λij ), j = 1, 2. (3.20)

From (3.20) it is clear that fi(t) 6= fj(t) for t 6= 0, but they are actually only two
different mathematical representations of the same physical state, a necessary con-
clusion for a well-defined theory. The transformation δλf = f1(t)−f2(t) = {f, λiφi},
with λi = t(λi1 −λi2), which maps the mathematical representations into each other
is called a gauge transformation.
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3.2 General Relativity

This section gives some more insights into the Hamiltonian formulation in the con-
text of a field theory, by applying it to GR. We will not go through the calculations
in detail, but instead try to give a short and concise overview over the approach
that is applied to field theories to both compute the EoM and count the propagat-
ing DoF.
Using the 3+1 formulation introduced in section 1.2.2, we express the metric of GR
as

g =

(
−N2 +NkN

k Nj

Ni γij

)
. (3.21)

Expressing the Einstein-Hilbert action in terms of the lapse, shift and the spatial
metric γ, we see that the action is independent of time derivatives of N and Ni,
leaving us only with the canonical momentum of γ

πij :=
∂L
∂γ̇ij

=

√
γ

2N

[(
γikγjl − γijγkl

)
γ̇kl −∇iN j −∇jN i2γij∇kNk

]
. (3.22)

The Einstein-Hilbert action then becomes

S =

∫
d4x
[
πij γ̇ij −H

]
=

∫
d4x
[
πij γ̇ij +NC +N iCi

]
, (3.23)

where

C =
√
γR(γ) +

1
√
γ

(
1

2
π2 − πijπij

)
,

Ci = 2
√
γ∇jπij

are the constraints which follow naturally from the lapse and shift taking on the
role of Lagrange multipliers, with R(γ) being the Ricci scalar of γ. The EoM for π
and γ, the specific form of which does not matter for this calculation, follow from
the Hamiltonian equations. The EoM for γ is simply equivalent to the definition of
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πij(3.22). The EoM of π together with the Hamiltonian equations obtained from N

and Ni, namely

C = 0 and Ci = 0,

are equivalent to the vacuum equation Rµν = 0. Note that N and Ni are appearing
as Lagrange multiplier, therefore their EoM become constraints on γ and π.
The next step is to compute the consistency conditions

Ċ = {C,H} = 0 and Ċi = {Ci,H} = 0.

From (3.23) we know that the Hamiltonian only depends on C and Ci, which is why
we only need to compute the brackets

{C(y), C(x)} ∝ Ci,

{C(y), Ci(x)} ∝ C,

{Ci(y), Cj(x)} ∝ Ck.

The above relations give us two pieces of important information. First, the con-
straints C and Ci are the only constraints and, secondly, they are both first-class,
since their brackets vanish weakly. This knowledge equips us with everything we
need to count the DoF the theory propagates.
We start with a total of 16 DoF, with 6 from each πij and γij , 1 from N and N i

contributing 3 DoF. We can fix 4 DoF using the EoM we computed above, which
leaves us with 12 DoF. Another 4 DoF can be eliminated through general coordinate
transformations. The last 4 DoF are fixed by C and Ci. In the end, we are left with
4 DoF, which is the correct amount for a massless field and its momentum.
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4 De Donder-Weyl formalism

This section will introduce the DDW formalism and the corresponding constraint
analysis [12]. The aim will be to give comprehensive, but high-level, insights into the
topic and focus more on the tools necessary for application than the deeper math-
ematical workings of the formalism. Complex details will be put in the Appendix
3 and will be referenced where applicable. There will, however be some passages
where we cannot omit those details in the main text.
We will start by giving an introduction to the formalism and showing an application
to a system of interacting real scalar fields. Then we will introduce the analogue
to the Poisson brackets in the DDW formalism and outline some major differences
between the canonical formalism and the DDW approach. Following that we will
outline the constraint analysis in the formalism.

4.1 Introduction

There exist several approaches to the formulation of Hamiltonian field theory. The
first and more well-known approach is the one we introduced in chapter 3, which
implies a certain space and time decomposition. One other approach, called the
polysymplectic formalism, originates in the works from T. De Donder [1], H. Weyl
[2] and C. Carathéodory [3] and is entirely space-time covariant. This means that,
both space and time variables enter and propagate the evolution of the theory on
equal footing1.
The De Donder-Weyl formalism is one such approach, where the generalized coor-
dinates φa are the field variables to which we define a set of canonically conjugate
momenta

πµa :=
∂L

∂(∂µφa)
, (4.1)

1Evolution in this context can mean both time-evolution or any other space-time development
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where L is the Lagrangian density. The DDW Hamiltonian can then be constructed
in the form 2

HDW (φa, πµa ) := πµa∂µφ
a − L(φa, πµa ). (4.2)

The Euler Lagrange equations can be written in the form ([46, 47, 48])

∂µπ
µ
a = −∂HDW

∂φa
and ∂µφ

a =
∂HDW

∂πµa
(4.3)

and are called (DDW) Hamiltonian equations due to their similarity to the canonical
Hamiltonian equations.
Instead of the phase space spanned by (φµ, πµ) like the phase space of the canonical
Hamiltonian formulation, we work with a phase space called extended polymomentum
phase space spanned by

zM := (xµ, φa, πµa ), 1 ≤M ≤ m+mn+ n, (4.4)

where µ ∈ {1 . . .m} and a ∈ {1 . . . n}.
The ability to compute a Hamiltonian in a covariant way and several other interesting
features make this formulation seem like an attractive tool to inspect theories in
the realm of GR. However, until lately there have only been a small number of
publications that studied its application to relativistic field theories, some of them
are [16], [14] and [15]. Recently there have been some interesting developments in this
space. Some publications of note are inspecting the MM theory [50] mentioned in
section 2.2 and BF gravity [51], a reformulation of GR which was introduced in [52].
A big part of the recent developments in this field were thanks to I. Kanatchikov
( [12, 53, 54, 55, 56, 57, 58] ) and most of the following chapter will be based on his
work, unless otherwise specified.

4.2 An application, or a manual

Based on chap. 6.1 in [12] this section is supposed to give the reader an overview of
the DDW formalism through a hands-on example. In this demonstration we will be

2Note that the DDW Hamiltonian is defined with the Lagrangian density L instead of the La-
grangian L.
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looking at a system of interacting real scalar fields φa described by the Lagrangian
density

L =
1

2
∂µφ

a∂µφa + V (φ), (4.5)

with the interaction term V (φ). It is straight-forward to compute the polymomenta
from the given Lagrangian, i.e.

πµa = ∂µφa.

The DDW Hamiltonian is then just

HDDW = πµa∂µφ
a − L =

1

2
πµaπ

a
µ − V (φ).

Having assembled all the necessary ingredients, we can compute the Hamiltonian
equations, which become

∂µπ
µ
a = −∂HDW

∂φa
= −1

2
∂a(π

µ
b π

b
µ) + ∂aV (φ) (4.6)

∂µφ
a =

1

2
∂aµ(π

ν
b π

b
ν) = πaµ. (4.7)

The second equation gives us the known relation between φ and π. In the first
equation, the first term on the right-hand side vanishes since ∂bπ

a
µ = ∂µ∂

bφa =

∂µδ
a
a = 0, which leaves us with

∂µπ
µ
a = �φa = ∂aV (φ).

The above equation is the well-known Klein-Gordon equation for interacting scalar
fields.
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4.3 Polysymplectic form and Hamiltonian
multivector fields

4.3.1 Notation and definitions

We will follow the notation introduced by I. Kanatchikov in [12]. Extended polymo-
mentum phase space can be viewed as the bundle Π : Z → M over the space-time
manifold M . The coordinates introduced in (4.4) are the local coordinates of Z.
The coordinates zv = (φa, πµa ) are referred to as vertical, while the space-time co-
ordinates xµ are referred to as horizontal components. We will follow through with
this distinction for subspaces and other objects related to these coordinates. For an
introduction into vertical/horizontal bundles and vectors, see Appendix 1.1.
Before we move on, let us introduce some important objects we will use in this
chapter. A vertical vector is an element of T V Z := kerTΠ with the coordinate
expression

XV := Xa∂a +Xµ
a ∂

a
µ = Xv∂v,

where ∂aµ denotes a derivative by πµa and ∂a is the derivative by φa. In the same way,

a p-form
p

F is called horizontal, if it’s coordinate representation can be expressed as

p

F :=
1

p!
Fµ1...µp(z)dxµ1 ∧ · · · ∧ dxµp . (4.8)

Note that this means that a contraction of a horizontal form with a vertical vector
always vanishes. We call a p-form element of the subspace of (p−q) horizontal forms
Λpq , if its contraction with any (q + 1) vector vanishes.
We call a p-multivector field

p

X vertical, if its inner product with any p-form vanishes.
In the coordinates (4.4) it takes the form

p

X
V

:=
1

p!

p

X
v1...vqµq+1...µp−1

∂v1 ∧ · · · ∧ ∂vq ∧ ∂µq+1 ∧ · · · ∧ ∂µp−1 , (4.9)
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where the index v references the vertical coordinate zv, which we defined above.3

The vertical exterior derivative dV of an arbitrary p-form Φ = 1
p!ΦM1...MpdzM1 ∧

· · · ∧ dzMp is given by

dV Φ =
1

p!
∂vΦM1...Mpdzv ∧ dzM1 ∧ · · · ∧ dzMp . (4.10)

4.3.2 The polysymplectic form

Starting out from a Lagrangian density L(xµ, φa, πµa ), we are able to construct the
polymomenta

πµa =
∂L

∂(∂µφa)
, (4.11)

and the DDW Hamiltonian

HDW (xµ, φa, πµa ) = πµa∂µφ
a − L(xµ, φa, πµa ). (4.12)

This is analogous approach is the way undergraduate students first learn to compute
the traditional Hamiltonian and the resulting Hamiltonian equations from a given
Lagrangian. However, there is another approach using the Poincaré (PC) form,
which we introduced in (3.16) (or more detailed in Appendix 1.4). The expression
XHyΩ = dH from (3.16) can be restated in the DDW formalism as

n
X
V

yΩV = (−1)ndVHDW , (4.13)

where n is the spacetime dimension of the manifold M and the superscript V denotes
the vertical components defined above. The polysymplectic form ΩV is obtained from
the PC form of the DDW formalism, which is known to be

ΘDW = πµa ∧ dφa ∧ ∂µyV −HDWV, (4.14)

where V is the volume form given by V := dx1 ∧ · · · ∧ dxm (see [59, 60]). From here
on we use Vµ := ∂µyV . The exterior differential of Θ is the form

3The wedge product is defined for both vectors and covectors, see Appendix 1.2
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ΩDW = dπµa ∧ dφa ∧ ∂µyV − dHDWV. (4.15)

As shown in section 1.4 the variational principle of least action can be reformulated
in a way stating that the Hamiltonian vector fields of the allowed trajectory in
phase space annihilate the differential 2-form Ω = −dΘ 4. The vertical parts of Ω
are obtained by first separating Θ into its vertical and horizontal part, yielding for
the vertical part

ΘV = −dφa ∧ πµa ∧ Vµ.

After that we take the vertical derivative from (4.10) of ΘV , which gives us

ΩV := −dφa ∧ dπµa ∧ Vµ. (4.16)

ΩV is called the polysymplectic form. The co-exterior product of two forms is defined
as5

p

F •
q

F := ?−1

(
?

p

F ∧?
q

F

)
, (4.17)

which is both graded commutative 6 and associative. The inverse Hodge star is
defined as ?−1 ? ω(p) = ω(p) for an arbitray p-form.

4.4 Poisson-Gerstenhaber brackets and equations of
motion

An important distinction between the traditional Hamiltonian formalism and the
DDW formalism is the fact that instead of vectors, we work with multivectors (see
Appendix 1.2). For these multivectors a generalized Lie derivative for an arbitrary
q-form Φ is introduced [12]

4The interested reader is also referred to [60] or [61].
5You can find a definition of ? in section 1.2
6I.e it picks up a factor (−1)pq under commutation.
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L p

X
Φ :=

p

XydV Φ− (−1)pdV (
p

XyΦ).

Starting from this derivative it is possible to define a generalized Lie bracket of
multivector fields, which we will need to construct a Poisson-style bracket for the
DDW formalism .
Given Ω it is possible to define Hamiltonian multivector fields

p

XF for which there
exist a horizontal (n− p)-form

n−p
F , s.t.

p

XF yΩ = dV
n−p
F . (4.18)

The Poisson-Gerstenhaber bracket between two Hamiltonian multivector fields can
now be defined through

[
p

X1,
q

X2

]
yΩ = L p

X1

dV
s
F 2 (4.19)

= (−1)n−rdV (
p

X1ydV
s
F 2) (4.20)

:= −dV {
r
F 1,

s
F 2}, (4.21)

where r = n − p, s = n − q and {., .} is the graded Poisson-Gerstenhaber bracket
(PG) [12] defined for the DDW formalism

{
r
F 1,

s
F 2} := (−1)n−r(

p

X1ydV
s
F 2). (4.22)

The bracket has several special properties, among those is that it’s degree is given
by

deg{
p

F 1,
q

F 2} = p+ q + 1− n, (4.23)

such that the bracket only exists if p + q ≥ n − 1. The bracket is also graded
anticommutativ, meaning
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{
p

F 1,
q

F 2} = (−1)n−p−1(−1)n−q−1{
q

F 2,
p

F 1} (4.24)

and fulfils the graded Jacobi identity

(−1)n−p−1(−1)n−r−1{
p

F , {
q

F ,
r
F}+ (−1)n−p−1(−1)n−q−1{

q

F , {
r
F ,

p

F}

+ (−1)n−q−1(−1)n−r−1{
r
F , {

p

F ,
q

F} = 0

It is called Poisson-Gerstenhaber bracket, since the bracket together with the co-
exterior product forms a Poisson-Gerstenhaber algebra [13] with properties (4.24),
(4.25) and

{
p

F ,
q

F •
r
F} = {

p

F ,
q

F}•
r
F +(−1)(n−p−1)(n−q) q

F •{
p

F ,
r
F}. (4.25)

The DDW Hamiltonian HDW is a form of degree 1. Therefore, following from
the degree counting (4.23), the only forms that give a non-vanishing bracket with
HDW are Hamiltonian n − 1-forms. Let us first compute the bracket of a general
Hamiltonian n− 1-form

F := FµVµ,

with the associated Hamiltonian vector field

XF := Xa∂a +Xµ
a ∂

a
µ.

From the equation

XF yΩ = dV F

when written in its components follow the two conditions
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Xaδµν = −∂aνFµ (4.26)

Xµ
a = ∂aF

µ. (4.27)

The conditions (4.26) and (4.27) constrain the choice of n − 1-forms, which can be
Hamiltonian. From the first condition one can deduce the most general form of a
Hamiltonian n− 1-form to be

Fµ = −πµaXa(φ, x) + gµ(φ, x),

where Xa and gi are arbitrary functions of φ and x. As next step we introduce the
total co-exterior derivative d of the form F by xµ

d•
p

F :=
1

(n− p)!
(∂aF

ν∂µφ
a + ∂aρF

ν∂µπ
ρ
a + ∂µF

ν)dxµ • Vν . (4.28)

Using the Hamiltonian equations (4.3) and (4.27) we obtain the relation

d • F = (−1)n{HDW , F}V + dhor • F, (4.29)

where dhor •F ∼ ∂µF
νdxµ •Vν appears only for forms which have an explicit space-

time dependence. The canonical equations (4.3) of the DDW formalism can now be
expressed in terms of the brackets we defined above. First, we construct two new
n− 1 -forms πa := pµaVµ and φaµ := φaVµ and get the two equations

d • πa = {HDW , πa} = −∂aHDW , (4.30)

d • φaµ = {HDW , φ
a
µ} = ∂aµHDW , (4.31)

which is exactly the Poisson bracket formulation of the Hamiltonian field equations.
It is interesting to note here, that this entire construction relies on Hamiltonian
n − 1-forms, since those are the only forms that have non-vanishing brackets with
the Hamiltonian HDW , which is a 1-form. Although there has been some exploration
done into a formulation allowing forms of degrees other than n − 1 [12][58], so far
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there has been no significant progress made in this direction. This is somewhat
cumbersome as we see in the following sections, where we will encounter other forms
from which we will need to construct n− 1 forms before we are able to continue.

4.5 Constraints

Same as in the canonical Hamiltonian formalism, there may be constraints in the
DDW formalism. These constraints also appear in the same way and take on the
form

CA(φ
a, πµa ) = 0.

Following the canonical approach, these constraints are also called primary con-
straints to emphasize their stark similarity to the primary constraints of the Hamil-
tonian formalism (see [13]).
This means, that the DDW Hamiltonian is not unique and is weakly equal to

H̃DW = HDW + uACA ≈ HDW ,

where uA are arbitrary coefficients. Continuing the analogy with the canonical
formalism, we will classify the constraints using the PG bracket. For that reason, as
mentioned in the previous section, we will need to constrain ourselves to constraints
from which we are able to construct Hamiltonian n− 1-forms

Cm = CµmVµ,

which contract with 1-forms um that function as Lagrange multipliers to um • Cm =

uACA (note that A in this case is not an index). A constraint is called first-class, if
it’s PG bracket with every other constraint vanishes weakly, i.e.

{Cm, Cn} ≈ 0 ∀Cn.

If this is not the case for at least one constraint, it is called second-class. As with
the canonical Poisson bracket, the first-class property is preserved under the PG
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bracket (see [13]). It is also necessary, that the constraints Cm fulfil the consistency
condition d • Cm = 0 for the total co-exterior derivative (4.28). From this condition
follow the relations

d • Cm = {H̃DW , Cm} = {HDW .Cm}+ un • {Cn, Cm} ≈ 0. (4.32)

Following Dirac’s terminology [11] the above relation can either impose a constraint
on the un or reveal a new constraint on φa and πµa called secondary constraints.
For those constraints it is again necessary to check whether they fulfil the condition
(4.32) and whether they yield an additional secondary constraint or constrain the
un.
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5 De Donder-Weyl Hamiltonian
Formalism applied to SO(1,5)
Gravity

In this section we will apply the DDW formalism to the SO(1, 5) theory of [10].
In section 5.1 we will start by inspecting how the construction of the action and
therefore the breaking of the symmetry from SO(1, 5) down to SO(1, 3) × SO(2)

affects the EoM obtained from the formalism. To keep the equations simple we
will use a real spin connection. In the original paper it was argued that the spin
connection must be complex. We will inspect the complex action in the following
section 5.2 through the lens of the DDW Hamiltonian and see if are able to obtain
the same results as in [10].

5.1 The equations of motion for SO(1,5) actions with
real spin connections

The SO(1, 5) theory from [10] is, like the theory of MacDowell and Mansouri [5], a
strongly geometric theory, which offers itself to analysis with geometric tools like the
polysymplectic formalism by de Donder and Weyl [1, 2]. We will apply the DDW
formalism to the action of the SO(1, 5), compute its EoM and study it’s behaviour
under the symmetry breaking from SO(1, 5) down to SO(1, 3)× SO(2). Unlike the
Lagrangian approach, where we would obtain differing EoM, depending on whether
we break the symmetry before or after the variation of the action, we expect this
to not make a difference for the DDW approach. This chapter can also be seen as
a practical example and continuation to chapter 4 and can give more insight into
applications and advantages of the formalism. More detailed calculations can be
found in Appendix 2.
Instead of taking only the projection of SO(1, 5) down to SO(1, 3) × SO(2) into
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consideration when constructing the action as in [10] (see (2.21)), we inspect the full
SO(1, 5) action

I =

∫
Tr(F ∧ F ) =

∫
(FAB ∧ FCD)QABCD, (5.1)

where F is the curvature F = dA + [A,A] of the entire SO(1, 5) gauge field (2.9).
In components, L takes the form

L = −1

4
FABµν F

CD
ρσ εµνρσQABCD, (5.2)

where we used the usual convention for spacetime indices (greek) and the group
indices A ∈ {0, 1, . . . , 5}. The factor QABCD originates from the formulation of
MM in [5], where they introduced a tensor, where every combination of AB (or CB
respectively) is tied to one of the generators of the Lie group and which is symmetric
under AB ↔ CD and fulfils the equation

fGHABEFQGHCD − fGHCDABKGHEF = 0,

where the constants fEFABCD are the structure constants of the gauge group (SO(1, 4)

in the MM case). The constant in this theory was used to construct the most general
action from the curvature and turned out to be the Levi-Civita symbol εijkl in the
MM theory1. The tensor QABCD is defined as

QABCD =
1

2
(ηACηBD − ηADηBC) (5.3)

and fulfils both of the aforementioned requirements. From this we can go on and
compute the polymomenta

ΠABµν =
∂L

∂(∂µAABν )
= −FCDρσ εµνρσQABCD. (5.4)

Remembering (4.2), we can compute the Hamiltonian for the gauge fields AABµ ,
namely

1Note that the Levi-Civita symbol is actually a tensor density, which transforms like a tensor field
but is weighted by a power W of the Jacobi determinant of the coordinate transformation.
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HDW = − 1

16
εµνρσQ

ABCDΠµνABΠ
ρσ
CD − 1

2
ΠµνABA

A
[µKAKBν] . (5.5)

The De Donder-Weyl equations then take on the form

∂µAABν = −1

8
QABCDεµνρσΠ

ρσ
CD − 1

2
AA[µJA

JB
ν] and (5.6)

∂µΠ
µν
AB = −AKµ[AΠ

µν
B]K . (5.7)

If we inspect the first of the above equations more closely, we see that both terms
on the left hand side are antisymmetric under µ ↔ ν. This allows us to express
∂µAABν = 2∂[µAABν] , which we will use from now on. Following the same procedure
as in section 2.3 and a ∈ {0, 1, 2, 3}, we introduce the notation

ωabµ := Aabµ eaµ := Aa4µ
taµ := Aa5µ Aµ := A45

µ ,

and continue this notation for the polymomenta, giving

πµνab := Πµνab p(1)µνa := Πµνa4

p(2)µνa := Πµνa5 θµν := Πµν45 .

Before we express the De Donder-Weyl equations in this notation, let’s mention that
the only non-zero constants QABCD are Qabcd, Qa4b4 = Qa5b5 = 1

2η
ab, Q4545 and,

since they are antisymmetric in the first and last two indices, Q5a5a, Q4a4a and Q5454.
As always we use lower case latin indices to indicate an index running from 1 to 3.
In the following, we will compute the EoM explicitly for the ω-field for readability.
The derivations of the EoM for the other fields can be found in Appendix 2.1.
The first line in (5.7) gives us

∂µω
ab
ν = −1

8
εµνρσQ

abcdπρσcd − 1

2
(ωa[µcω

cb
ν] − ta[µt

b
ν] − ea[µe

b
ν]), (5.8)

which we can solve for πµνab . To accomplish that, we need to use the relations
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εi1...injn+1...jmε
i1...inkn+1...km = n!(m− n)!δ

kn+1

[jn+1
. . . δkmjm] and

QABCDQ
CDEF = δE[Aδ

F
B],

where δkn+1

[jn+1
. . . δkmjm] signifies a total antisymmetrisation of all m−n Kronecker deltas.

In our case this becomes εµνρσεµνδγ = 4δδ[ρδ
γ
σ]. Using the above relations, we can solve

for πµνab and obtain

πµνab = −εµνρσQabcd(ωc[µeω
ed
ν] − tc[µt

d
ν] − ec[µe

d
ν] + 2∂[µω

cd
ν] ). (5.9)

Restricting (5.7) to the index pair {a, b}, i.e. to πµνab , gives the relation

∂µπ
µν
ab = −ωcµ[aπ

µν
b] + eµ[ap

(1)µν
b] + tµ[ap

(2)µν
b] . (5.10)

We can now substitute πµνab from (5.9) and the expressions for the other polymo-
menta, which we derived in Appendix 2, into the above equation. The polymomenta
of the vielbeins and A are

p(1)µνa = −εµνρσηab
(
2∂[ρe

b
σ] + ωb[ρce

c
σ] − tb[ρAσ]

)
, (5.11)

p(2)µνa = −εµνρσηab
(
2∂[ρt

b
σ] + ωb[rhoct

c
σ] + eb[ρAσ]

)
, and (5.12)

θµν = εµνρσ
(
e[ρct

c
σ] − 2∂ρAσ

)
. (5.13)

The EoM for ω takes on the form

0 = εµνρσQabcd

[
∂µ

(
ωc[µeω

ed
ν] − tc[µt

d
ν] − ec[µe

d
ν] + 2∂[µω

cd
ν]

)
+ωcµe

(
ωd[ρfω

fe
σ] − td[ρt

e
σ] − ed[ρe

e
σ] + 2∂[ρω

de
σ]

)]
− εµνρσηbc

[
eµa

(
2∂[ρe

c
σ] + ωc[ρde

d
σ] − tc[ρAσ]

)
+tµa

(
2∂[ρt

c
σ] + ωc[ρdt

d
σ] + ec[ρAσ]

)]
, (5.14)
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which looks rather complicated. To simplify equation (5.14), we can use the com-
ponents of the curvature FA = dA+ [A,A], namely

F abAµν := F ab(ω)µν =
1

2
Rabµν − ea[µe

b
ν] − ta[µt

b
ν] = εµνρσπcdρσQabcd

F a4Aµν := F a
P (1)µν

= 2∂[µe
a
ν] + ωa[µce

c
ν] − ta[µAν] = ηabεµνρσq

(1)ρσ
b

F a5Aµν := F a
P (2)µν

= 2∂[µt
a
ν] + ωa[µct

c
ν] + ea[µAν] = ηabεµνρσq

(2)ρσ
b

F 45
Aµν := F(A)µν = 2∂[µAν] − e[µbt

b
ν],

where Rabµν := ∂[µω
ab
ν] + 2ωa[µcω

cb
ν] . Substituting the curvatures and expressing the

EoM of ω in the language of differential forms, it takes on the shape

QabcdDωF
cd
(ω) = ea ∧ FP (1)b + ta ∧ FP (2)b, (5.15)

where Dω = d+ω∧ is the usual covariant derivative with respect to ω. To derive this
expression we used the fact that ωcµ[aQb]cde = Qabcdω

c
µe. Now that we have computed

the EoM, we can break the symmetry of the theory down to SO(1, 3)×SO(2). This
breaking of the SO(1, 5) symmetry is achieved by requiring p(1) = 0 and p(2) = 0,
which is equivalent to saying F a

P (1/2)µν
= 0 and gives us the equation of motion

Qabcd(e
c ∧ F d

P (1) + tc ∧ F d
P (2)) = ea ∧ Dωeb + ta ∧ Dωtb = 0. (5.16)

This is a similar equation to (2.17), but differs from it by the factor Qabcd. However,
in this context Qabcd gives exactly the same behaviour as εabcd, i.e. from its definition
(5.3) we see that all combinations c 6= d yield both a positive and a negative tensor,
which cancel each other out, and the case c = d vanishes by definition.
We are able to obtain the exact same equation as (2.17) by breaking the symmetry
before the variation, like it is done in [10] and [5]. We accomplish this by constructing
the action as

S =

∫
Tr
(
F(ω) ∧ F(ω)

)
− σ2

∫
FA ∧ ?FA (5.17)

=

∫
F ab(ω) ∧ F

cd
(ω)Qabcd − σ2

∫
FA ∧ ?FA. (5.18)
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Doing this, the Hamiltonian takes on the form

HDW = − 1

16
εµνρσ(Q

abcdπµνab π
ρσ
cd + 2θµνθρσ)−
1

2

[
πµνab (ω

a
[µcω

cb
ν] − ea[µe

b
ν] − ta[µt

b
ν])− θµνe[µat

b
ν]

]
. (5.19)

The De Donder-Weyl equations for the ω-field are

∂µω
ab
ν =

HDw

∂πµνab
= −1

8
εµνρσQ

abcdπρσcd − 1

2
ωa[µω

cb
ν] +

1

2
(ea[µe

b
ν] + ta[µt

b
ν]) and (5.20)

∂µπ
µν
ab =

∂HDW

∂ωabµν
= −πνσac ωcσb. (5.21)

Solving for π in the first line and then inserting the expression into the second
equation in the same way we did before, we get the equation

ea ∧ Dωeb + ta ∧ Dωtb = 0

For the other fields, we get the equations

σ2ta ∧ FA + eb ∧ F(ω)ab = 0

σ2ea ∧ FA − tb ∧ F(ω)ab = 0

dFA = 0.

The above expressions are the same as in (5.16), showing that in the DDW formalism,
the timing of the symmetry breaking has no influence on the result. If, instead of
using Qabcd in (5.18) we were to construct the action with εabcd, i.e. in exactly the
same way as in 2.3 and [10], we get the EoM

εabcd(e
c ∧ F d

P (1) + tc ∧ F d
P (2)) = 0,

σ2ta ∧ FA + εabcde
c ∧ F d(ω) = 0,

σ2ea ∧ FA − εabcdt
c ∧ F d(ω) = 0,

dFA = 0.

(5.22)
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Of course, we have slight deviations in both approaches, since we chose to use dif-
ferent constants, but they both fulfil the aforementioned requirements stated by
MacDowell and Mansouri and yield therefore valid solutions.

5.2 The SO(1,5) equations of motion with a complex
spin connection

Since the EoM (5.22) only give a solution, where ω = 0, we also need to inspect the
action containing the complex vielbein ψa = ea + ita and complex spin connection
ω = τ + iσ that have been introduced in [10]. The complex vielbeins fulfill a SO(2)-
invariant constraint, given by

FaH = Fa
P (1) + iFa

P (2) = (dω − iA) ∧ ψa = 0. (5.23)

The action (5.18) then becomes

I = −1

2

∫
εabcd(ψ

a ∧ ψ∗b ∧ (ReRcd − ψc ∧ ψ∗b)− Re(Rab ∧Rcd)) (5.24)

− σ2

2

∫
dA ∧ ?dA, (5.25)

which is the action of equation 2.41 in [10] with the added topological term
1
2

∫
Re(Rab ∧Rcd)εabcd. Even though it drops out during the variation of the action

and is usually omitted when writing down the action, it is necessary for the com-
putation of the De Donder Weyl Hamiltonian. It is ignored in the original theory,
since terms like this always vanish during variation of the action. To compute the
polymomenta, we need to write the action in it’s components

I =− 1

8

∫
εabcdε

µνρσ
[
2ψa[µψ

∗b
ν] (2∂[ρτ

cd
σ] + τ c[ρeτ

ed
σ] − σc[ρeσ

ed
σ] )− 2ψc[ρψ

∗b
σ])

− (2∂[ρτ
ab
σ] + τa[ρeτ

eb
σ] − σa[ρeσ

eb
σ])(2∂[ρτ

cd
σ] + τ c[ρeτ

ed
σ] − σc[ρeσ

ed
σ] )
]

− σ2

2

∫
GµαGνβ∂[αAβ]∂[µAν].

The only non-vanishing polymomenta are
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Tµν
ab :=

∂L
∂(∂µτabν )

= −1

2
εabcdε

µνρσ

(
−2∂[ρτ

cd
σ] − τ c[ρeτ

ed
σ] + σc[ρeσ

ed
σ] +

1

2
ψc[ρψ

∗d
σ]

)
(5.26)

θµν :=
∂L

∂(∂µAν)
= −σ2GαµGβν∂[αAβ], (5.27)

where the polymomenta associated with the complex vielbeins ψ and ψ∗, namely
Ψµν
a and Ψ∗µν

a respectively, vanish because the vielbeins do not appear as derivatives
in the action (remember the definition of the polymomentum πµνAB = ∂L

∂(∂µAAB
ν )

).
Having assembled all the ingredients, we can now write the De Donder-Weyl Hamil-
tonian as

HDW =− 1

2

(
1

16
εabcdεµνρσTµν

ab Tρσ
cd +

1

σ2
GµαGνβθ

αβθµν

+ Tµν
ab

[(
τ c[ρeτ

ed
σ] − σc[ρeσ

ed
σ]

)
+

1

2
ψc[ρψ

∗d
σ]

]
− 1

4
εabcdε

µνρσψa[µψ
∗b
ν]ψ

c
[ρψ

∗d
σ]

)
.

(5.28)

We can compute the De Donder-Weyl equations and get

∂µTµν
ab = −Tµν

c[aτ
c
b]ν (5.29)

∂µθ
µν = 0 (5.30)

∂µΨ
µν
a = 0 =

1

4
Tµσ
adψ

∗d
σ − 1

4
εabcdε

µνρσψ∗b
ν ψ

c
[ρeψ

∗ed
σ] (5.31)

∂µΨ
∗µν
a = 0 =

1

4
Tµσ
adψ

d
σ −

1

4
εabcdε

µνρσψbνψ
c
[ρeψ

∗ed
σ] , (5.32)

where the last two equations are naturally zero since the associated polymomenta
are zero. The EoM are

dτ
(

ReRab + ψa ∧ ψ∗b
)
εabcd = 0 (5.33)

dθ = 0 (5.34)

εabcd

(
ReRcd − 2ψc ∧ ψ∗d

)
∧ ψ∗b = 0 (5.35)

εabcd

(
ReRcd − 2ψc ∧ ψ∗d

)
∧ ψb = 0, (5.36)
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where the last two equations are of specific interest for us. We can easily see that,
under the substitution ψ = e+ it, we get

εabcd

[
ReRcd − 2

(
ec ∧ ed + tc ∧ td

)]
∧ eb = 0 and

εabcd

[
ReRcd − 2

(
ec ∧ ed + tc ∧ td

)]
∧ tb = 0.

If we now use the parametrisation ea = ea around a proportional background ta =

cea (c 6= 0), the two equations above both reduce to

εabcd

[
ReRcd − 2

(
1 + c2

)
eced

]
∧ eb = 0, (5.37)

which is the same EoM from [10] that we introduced in section 2.3.

We see that the DDW formalism is a valid alternative to the usual approach of
the variation of the action, giving us the same solutions and additionally leaving
us the freedom to choose at which stage of the calculation we want to break the
symmetry. As we mentioned in chapter 4, the DDW equations are equivalent to
the Euler-Lagrange equations. On first glance, this fact might seem paradoxical,
since the EoM obtained from the Lagrangian differ depending on where during the
computation the symmetry is broken down [50], while they are the same if we use
the DDW approach. After all, the actions (5.1) and (5.18) are different actions by
construction. This contradiction can be cleared up by taking a closer look at the
polymomenta. The polymomentum p

(1)µν
a can be interpreted as the variation of L

with regard to the derivative ∂µeaν , ”carrying” the information about δL
δ∂µeaν

with it.
We thereby never lose information about this variation during our calculations and
during the projection from SO(1, 5) down to SO(1, 3)× SO(2). This is not true for
the classical variation of the Lagrangian. If the symmetry gets broken down during
the construction of the action, information about δL

δ∂µeaν
and its influence on the EoM

is lost, since it is not part of the Euler-Lagrange equations. On the other hand, if
the projection is taken after the variation of the action, the EoM are influenced by
the variations of fields which are in the complement of the final symmetry group,
therefore yielding a different result.
An interesting question here is whether there is one ’correct’ approach and whether
there are underlying mathematical or physical justifications for either approach. The
obvious first answer here would be that, breaking the symmetry with the construc-
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tion of the action led to Einstein’s equations in the MM case [5]. Since the projection
down to SO(1, 3)×SO(2) or SO(1, 3) respectively has been done by hand, there have
been attempts to put these processes onto more solid mathematical foundations, for
example in the context of Cartan geometry [62].
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6 An exploration into constraint
analysis of bimetric theory in
the De Donder-Weyl formalism

This chapter is an analysis of the constraints of the bimetric theory described in
section 1.4 under the lens of the DDW formalism formulated in [12] and introduced
in chapter 4. We will start by computing the DDW Hamiltonian for the bimetric
theory in four dimensions and the constraints following from this computation. Af-
ter that we will show a construction of n − 1-forms from the naturally occurring
constraints and explain further steps, like the calculation of all the brackets and the
consistency constraints 4.32.

Recall the bimetric action from section 1.4 of the form

SHR =

∫
d4x

(
m2
g

√
−gR(g) +m2

f

√
−fR(f)− 2m4√−g

4∑
n=0

βnen(S)

)
. (6.1)

To compute the DDW Hamiltonian, we will split this action up into the three parts

SHR = SHP [e, ω] + SHP [t, ω̃] + Sint[e, t], (6.2)

where

SHP [e, ω] = m2
g

∫
εABCDe

A ∧ eB ∧
(
RCD(ω) +

λ

24
eC ∧ eD

)
(6.3)

is the Hilbert-Palatini action (1.12) for the vielbein e and the spin connection ω.
The second action SHP [t, ω̃] takes on the same form as the first and the third action
is the interaction term between the fields t and e
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Sint[e, t] = −4m2
gm

2
f

∫
d4xεABCDε

µνρσ

[
β1
6
eA[µt

B
ν]t

C
[ρt

D
σ]

+
β2
4
eA[µe

B
ν]t

C
[ρt

D
σ] +

β3
6
eA[µe

B
ν]e

C
[ρt

D
σ]

]
.

(6.4)

In the above action we used the fact that β0 = −(3β1 + 3β2 + β3) and β4 = −(β1 +

3β2 + 3β3) is a necessary condition for a solution where both metrics constructed
from e and t allow flat-space solutions [22]. Following the approach in [22] a general
vielbein can be written as a Lorentz boost Λ(p)AB for any given 3-vector pa

ΛAB(p) =

(
γ pa

pb δab +
1

γ+1p
apb

)
, (6.5)

where γ =
√
1 + papa. This gives us a general vielbein, which is an upper-triangular

vielbein t̃Aµ of the form (1.9), on which ΛAB(p) acts. It takes on the form

tAµ = ΛAB(p)t̃
B
µ =

(
M +M itai pa Mpb +M itai (δ

a
b
papa

γ+1 )

tai pa tai (δ
b
a +

papb

γ+1 )

)
.

Luckily, due to overall local Lorentz invariance, we are able to set pa = 0 for one of
the vielbeins, which we will do for e, s.t. it takes on the form from (1.9), namely

eAµ =

(
N 0

eajN
j eai

)
. (6.6)

Also, because SHP is Lorentz invariant we may transform t in such a way that pa = 0

during our treatment of this term.
We can start by computing the polymomenta of the theory and see that the only
fields which show up with a derivative are ω and ω̃ in RAB(ω) = dωAB +ωAC ∧ωCB.
The polymomenta are therefore straight-forward to calculate giving
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πµνAB =
∂L

∂(∂µωABν )
=

1

4
εABCDε

µνρσeC[ρe
D
σ],

π̃µνAB =
∂L

∂(∂µω̃νAB)
=

1

4
εABCDε

µνρσtC[ρt
D
σ],

PµνA =
∂L

∂(∂µeAν )
= 0,

P̃µνA =
∂L

∂(∂µtAν )
= 0.

(6.7)

From the above equation we can identify two primary constraints, i.e.Cµν(P )A = PµνA ≈
0 and Cµν

(P̃ )A
= P̃µνA ≈ 0. These turn, due to the 3+1 reformulation of the vielbeins,

into constraints on the polymomenta of N N i, eai from Cµν(P )A and constraints on the
polymomenta of M , M i, tai and pa following from Cµν

(P̃ )A
.

From the first two equations of (6.7) we obtain the constraints

Cµν(π)AB = πµνAB − 1

4
εABCDε

µνρσeC[ρe
D
σ] ≈ 0, (6.8)

Cµν(π̃)AB = π̃µνAB − 1

4
εABCDε

µνρσtC[ρt
D
σ] ≈ 0. (6.9)

Inspecting the several combinations of space-time and Lorentz indices we also see
that the only non-zero polymomenta π and π̃ are

πija0 = −1

2
ε̃abcε̃

ijkN lebl e
c
k,

πi0a0 =
1

4
ε̃abcε̃

ijkebje
c
k,

πijab =
1

2
ε̃abcε̃

ijkNeck,

where ε̃abc := ε0abc.
With all the necessary work done, we are able to write down the DDW Hamiltonian
HDW = πµa∂µφ

a − L, yielding

HDW =−
(
πµνABω

A
[µCω

CB
ν] + π̃µνABω̃

A
[µC ω̃

CB
ν]

)
−MC(M) −M iC(M)i −NC(N) −N iC(N)i.

(6.10)
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The second line in the equation above follows from the Lint part, where the lapse and
the shift of both vielbeins turn out to take on the function of Lagrange multipliers,
yielding another set of constraints of the form

C(M) = ε̃abcε̃
ijk

[
β3
6
eai e

b
je
c
k +

β2
4
eje

c
kt
l
ip
a
l

β1
6

(
3tlip

a
l t
e
jp
b
ee
c
k + 2tdi p

b
dt
l
jple

c
kp
a
)]

(6.11)

C(M)i = ε̃abcε̃
jkl

[
β3
6
tdi pde

a
j e
b
ke
c
l +

β2
4
tdi pdt

e
jp
a
ee
b
ke
c
l +

β1
6

(
3tdi pdt

w
j p

a
et
f
kp
b
fe
c
l (6.12)

+2teip
a
et
d
jp
b
dt
f
kpfe

c
l

)]
(6.13)

C(N) = ε̃abcε̃
ijk

[
β1
6
teip

a
et
l
jp
a
l t
f
kp
c
f +

β2
4
tfi t

e
jp
b
ee
c
kp
a
f +

β3
6

(
tai e

b
je
c
k + tdi p

a
de
b
je
c
k

)]
(6.14)

C(N)i = ε̃abcε̃
jkl

[
β1
6
eci t

d
jpdt

e
kp
a
et
f
l p
b
f +

β2
4
ebi t

d
jpde

c
l t
e
kp
a
e +

β3
6
3ebi t

d
jpde

a
ke
c
l

]
, (6.15)

where we defined pba := (δba +
papb

1+γ ).

Before we move on and write down the total DDW Hamiltonian, we need to
construct n−1-forms from the constraints to follow the procedure outlined in section
4.5. We will do this forN and C(N), since the process is the same for every constraint.
When constructing our n− 1 form C(N), we require that

N • C(N) = NC(N),

causing us to also define a construction for N that yields a 1-form N . We define the
simplest n− 1-form C(N)µ := C(N)Vµ. To discern the reason why N is a 1-form, we
need to look at the definition of •, i.e.

N • C(N) = ?−1
(
?N ∧ ?C(N)

)
.

Since ? maps a p into a n− p form (on an n-dimensional space) and we know that
NC has degree 0, it is necessary that the term inside the parentheses is an n-form.
∧ maps a p and a q-form into a p + q-form, therefore N needs to be a 1-form. We
choose the simplest form for N , namely
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N := kNdxµ, (6.16)

where k is just a constant which is inverse to the dimensionality factors that come
from resolving N • C(N) into NC:

N • C(N) = ?−1
(
?N ∧ ?C(N)

)
= ?−1

(
〈?N , C(N)〉V

)
(6.17)

=
1

(n− 1)!
NC(N)det(δνµ) ?−1 V =

4

(n− 1)!
NC(N). (6.18)

Where we used the properties of both the wedge product and the Hodge star men-
tioned in section 1.2 and the fact that ?−1V = 1. Since both N and C(N) are not
differential forms we were able to take them out of the inner product in the second-
to-last equality, leaving only the product 〈V ν , Vµ〉. From the above computation we
see that k = 4

(n−1)! .
To help with following calculations, we will calculate some simple brackets from the
definition (4.22), yielding

{πµνABVν , ω
CD
ρ } = δµρ δ

[C
A δ

D]
B , {πµνABVν , ω

CD
ρ Vσ} = δµρ δ

[C
A δ

D]
B Vσ, (6.19)

{πµνAB, ω
CD
ρ } = δµρ δ

ν
σδ

[C
A δ

D]
B , {ψµVµ, N} = 1, {ψµVµ, NVν} = Vν (6.20)

{ψµ, NVν} = δµν , {ψµaVµ, N b} = δba, {ψµaVµ, N bVν} = δbaVν (6.21)

{ψµa , N bVν} = δbaδ
ν
µ, {Pµia Vµ, ebj} = δbaδ

i
j , {Pµia Vµ, ebjVσ} = δbaδ

i
jVσ, (6.22)

{Pµia , ebjVσ} = δbaδ
i
jδ
µ
σ . (6.23)

Where we defined the polymomenta ψµ := ∂L
∂(∂µN) , ψ

µ
a := ∂L

∂(∂µNa) and Pµia := ∂L
∂∂µeai

.
It is good to know here, that the multivector field corresponding to the n− 1 forms
constructed from the polymomenta are just the negative partial derivatives by their
corresponding fields, which can be shown by a straight-forward calculation starting
out from (??). The above calculation is mirrored for the other polymomenta pairs
M ↔ χµ, Ma ↔ χµa and tai ↔ P̃µia and pa ↔ θa. Also note that, by definition, the
only non-vanishing bracket of a field is with its polymomenta.
The total DDW Hamiltonian can be expressed as
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H̃DW = HDW + λABµ • Cµ(π)AB + λ̃ABµ • Cµ(π̃)AB
+ τai • P ia + τ̃ai • P̃ ia + ξ • ψ + ξ̃ • χ

+ ξi • ψi + χi • χi + κa • θa,

(6.24)

where the construction (6.16) is implied for all constraints and multipliers.
The next step is to look for secondary constraints following from the consistency
condition (4.32), i.e.

d • Cm = {H̃DW , Cm} = {HDW , Cm}+ un • {Cn, Cm} ≈ 0. (6.25)

Since we know that a lot of the constraints can be used interchangeably by just
exchanging the corresponding components of e and t and/or ω and ω̃, it is not
necessary to write down all results from this computation. The calculation of the
condition d • ψ ≈ 0 will be done in some detail, to give the reader an idea of the
steps necessary. The condition for ψµ, the polymomentum of N , takes on the form

d • ψ = {H̃DW , ψ
νVν} = λABµ • {Cµ(π)AB, ψ

νVν}

= λABµ • {−εµνρσεABCDeC[ρe
D
σ]Vν , ψ

δVδ},

where the second-to-last equality is a result of the fact, that the only constraint
containing N , which gives a non-vanishing bracket is Cµ(π)AB. There is obviously the
N in N • C(N), but that term does not impact the result, since it is multiplied with
a constraint which is always zero on the constraint surface. Since the terms in the
bracket commute and we know that Xψ = − ∂

∂N , we can use the definition of the
bracket and get
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λABµ

(
(−1)n−(n−1)(− ∂

∂N
)ydV

(
−εµνρσεABCDeC[ρe

D
σ]Vν

))
= λABµ

(
−(

∂

∂N
)y

∂

∂eEδ

(
−εµνρσεABCDeC[ρe

D
σ]Vν

)
deEδ

)
= −λABµ •

(
∂

∂N
(εµνρσεABCDe

C
[ρe

D
σ]Vν)

)
= −λABµ • (εµνρσεABCDeCρ Vν) ≈ 0

The last line does neither evaluate to identically zero nor put a constraint on λABµ ,
therefore it is safe to assume that we have found a secondary constraint C(2) ≈ 0.
With this calculation we have actually found another constraint. We know that
{H̃DW , χ

νVν} takes on the same form, if we only replace the components of e with
the corresponding components of t.
The above analysis has been done for more constraints and can be found in section
3. Next steps would be the completion of the above analysis for all constraints, the
identification of further secondary constraints from the consistency conditions and
classification of said constraints into first-class and second-class. From there on,
one would hypothetically be able to count the constraints on the theory and judge
whether the above analysis yields the correct number of constraints to propagate
neither too many nor too few DoF. Even though there wasn’t any literature avail-
able, proving the hypothesis that first-class and second-class constraints remove the
same amount of DoF in the DDW as they do in the traditional Hamiltonian formal-
ism, one could make a good argument for such an idea due to the stark similarities
between the two formulations.
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7 Conclusion and Outlook

This thesis was devoted to introducing the DDW formalism in the context of spin-2
field theories. We started out by outlining the important features of the most promi-
nent spin-2 theories in chapter 1 and introduced several gauge theoretic approaches
to a spin-2 theory in chapter 2. In chapter 4 we gave a high-level introduction to
the formalism and applied it to the simple example of scalar fields in vacuum.
In chapter 5 we applied the DDW formalism to the SO(1, 5) gauge theory of bimet-
ric theory from [10], which we introduced in section 2.3. The theory is based on the
approach by MacDowell and Mansouri [5] and follows the same approach, where the
symmetry of the action is broken down to the subgroup SO(1, 3) × SO(2). In the
aforementioned approach, the symmetry is broken by construction of the action. In
section 5.1 we showed that, we would get the same EoM, independent of whether
we followed the construction from [10] or used a general action with the complete
SO(1, 5) action and took the projection into SO(1, 3)× SO(2) after the calculation
of the EoM.
We also computed the EoM of the SO(1, 5) theory with the complex vielbein
ψ = e+ it and came to the same results as the original works in [10].
The stand-out feature of the DDW formalism is its covariance. It allowed us to
keep the calculations more concise by not having to treat time derivatives separate.
Another interesting advantage of this formalism is the fact that the polymomenta
’encode’ more information than the canonical momenta of the Hamiltonian formal-
ism. This allowed us to obtain the same results, even if we took the projection
into SO(1, 3)× SO(2) in differing ways. Unlike in the MM approach, where we lose
information by requiring the curvatures of e and t to vanish [50], the information
about the curvatures ”travels through the calculation” with the corresponding poly-
momentum. The next big question here is, whether the covariant preservation of
this information is just an interesting feature of the formalism or a powerful new
tool that a physicist can use to explore new theories.

In chapter 6 we performed an constraint analysis of the SO(1, 5) theory. Unlike
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the computation done in chapter chapter 5, the constraint analysis has been quite
cumbersome compared to the traditional analysis of a Hamiltonian and its con-
straints. The construction of a constraint and its multiplier into a n − 1 and a 1

form as well as the entire bracket formalism require deep knowledge of differential
geometry and do not deliver any obvious advantages to the traditional formalism.
On the other hand, the work done in chapters chapter 4, chapter 5 and chapter 6
are based on the works [12, 46, 53, 54, 55, 56, 57] and [58], to name a few, which are
all quite technical. This is not a bad thing, but one of the most interesting ques-
tions regarding the DDW formalism is, whether it could be a valid alternative to
the traditional Hamiltonian formalism in the analysis of covariant theories like GR.
Obviously, the formalism stands and falls by the results obtained from calculations
using the DDW formalism. However, assuming the formalism was giving valid re-
sults, one can wonder, whether this is something one could teach a graduate student
(this thesis is, after all, meant to be understandable on a graduate student level).
The works above are technical for a reason and that is, giving a general framework to
treat a wide variety of physical and mathematical problems. Were one to reformu-
late this theory in the context of the special case of spin-2 fields in a 4 dimensional
manifold describing spacetime it could be possible to teach a ’light’ version of the
DDW formalism which could give valuable insights to graduate students, after all,
when we were undergraduate students in our first semester and learned about the
Hamiltonian, we were never introduced to symplectic manifolds and such.

Although the DDW formalism has been around for almost a century it has only
recently been gaining in popularity and the pool of understanding around it is still
growing. Nonetheless, it seems, due to it’s strong geometrical foundation in differ-
ential geometry, a quite natural tool for the exploration of inherently geometrical
theories like the spin-2 field theories covered in this thesis. It will be interesting to
observe future developments in this field and see where the scientific community will
take it.
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Appendix

1 Mathematical Definitions

1.1 Fiber Bundles, Tangent Bundles and more

Before introducing tangent bundles, it is necessary to become familiar with fiber
bundles. A fiber bundle is a space X with a projection map π : X → M which can
locally be represented as a product space M ×F . We call X the total space, M base
space and F is called the fiber of X. It is not a necessity that X can be globally
represented as a product bundle. For example, both a cylinder and a Mobius strip
may be interpreted as fiber bundles X, with a closed circle around the surface being
the base space and straight lines projecting in right angles from this ring being the
fibers F .
The tangent bundle

TX =
⋃
x∈X

TxX = {(x, y)|x ∈ X, y ∈ TxX}

is a vector bundle, namely a fiber bundle whose fibers are vector spaces. The tangent
bundle is equipped with the natural projection π(x, y) = x. We call the projection
φ : M → X with φ(π(x)) = x for all x ∈ M a section of the fiber bundle M . The
vertical bundle and the horizontal bundle are two subbundles of a tangent bundle
of a smooth fiber bundle. The vertical bundle T VX is the kernel of the projection
map Tπ : TX → TM , i.e. the map to the zero vector on TM . Constricting Tπ

to just the subspace T VX ⊂ TX yields a new bundle, called a subbundle of TX.
The horizontal bundle is then a choice of subbundle of TX, such that at each point
x ∈ X we have TxX = T Vx X×THx X. A vector in T V /H

X is called vertical/horizontal.
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1.2 The exterior algebra

To understand this section, like the entirety of this thesis we expect a basic under-
standing of manifolds, vectors, and similar mathematical constructs.
Given a vector space V and its dual V ∗, we can define their exterior algebras Λ(V )

and Λ(V ∗). The product on Λ(V ) is the wedge product, or exterior product, which
we will define below. A differential p-form is an element of Λp(V ∗) ⊂ Λ(V ∗), the
space of all p-forms in Λ(V ∗), and has the form

ω(p) := ωµ1···µp(x)dxµ1 ∧ · · · ∧ dxµp ,

where dxµ is a coordinate differential and ωµ1···µp an antisymmetric tensor of rank
p (p ∈ 1, · · · , n, where n is the dimension of the base manifold M). The wedge
product ∧ is the totally antisymmetric product of differential forms, e.g. for two
1-forms it becomes

dxµ ∧ dxν =
1

2
(dxµdxν − dxνdxµ).

The wedge product is essential to working with forms and maps p and a q form to
a p+ q form as long as p+ q ≤ n, otherwise it vanishes. Th exterior derivative d of
a p-form is defined as

dω(p) :=
1

p!
∂µωµ1···µp(x)dxµ ∧ dxµ1 ∧ · · · ∧ dxµp

and maps a p-form into a p+ 1-form.
In the same way as for covectors, the wedge product can be defined for vectors. The
product of several vectors is called a multivector. The wedge product of two vectors
(a bivector) is of the form

∂µ ∧ ∂ν =
1

2
(∂µ∂ν − ∂ν∂µ).

Under closer inspection we can find that p and q forms have the same amount of
components, iff p+q = n. This makes it possible to define a one-to-one map between
them, which is called the Hodge dual or Hodge star and is denoted by ?. It has the
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property ω(p) ∧ ?ω(q) = 〈ω(p), ω(q)〉V , with V := dx1 ∧ · · · ∧ dxn, which defines it
completely. For some examples look at

?1 = V, (1)

?dx = dy ∧ dz for n = 3, (2)

?(?ω(p)) = (−1)σ(−1)pqω(p), (3)

where in the last example σ = 0 for a metric with Euclidean signature and σ = 1 if
has a Lorentzian signature.

1.3 The interior product

The interior product y is defined as a contraction between a differential for ω and a
vector field X. It is sometimes called interior derivative or antiderivative of degree
-1 and can also be found denoted by ιX . It is the map

Xy : Ωp(M) → Ωp−1(M),

that maps a p-form ω to the p− 1- form Xyω. It is defined by requiring the action
of Xyω on a vector Y being

(Xyω)(Y ) = ω(X,Y ),

in other words the interior product can be seen as fixing the first argument of a
p-form to X, s.t. it becomes a p− 1-form through contraction.

1.4 The Poincaré - Cartan form

In [45] Cartan expresses the variation of the action δS = dS(Y ) using a variation
vector field Y (ε, t) with ε parametrising the variation. Choosing the vector field Y

in a way that it vanishes on the boundaries ti(ε) of the variation, Cartan got the
expression

δS =

[
∂L
∂q̇

∂qε
∂ε

∣∣∣∣
ε=0

+ Ldt(Y )

]t1(ε)
t0(ε)

−
∫ t1(ε)

t0(ε)

[
d
dt
∂L
∂q̇

− ∂L
∂q

]
∂qε
∂ε

∣∣∣∣
ε=0

dt,
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where qε = q(ε, t) is the varied curve. The second term vanishes because of the
Euler-Lagrange equations and Cartan continues his discussion inspecting the vari-
able boundary conditions depending on ε. The first term can be expressed as just

δS =

[
∂L
∂q̇

dq −
(
∂L
∂q̇
q̇ − L

)
dt
]t1(ε)
t0(ε)

(Y ) = [Θ]
t1(ε)
t0(ε)

(Y ) = Θ1 −Θ0,

where we introduced the Poincaré - Cartan form

Θ = pdq −Hdt

In the next step Cartan considers a tube formed by real trajectories between the
interval [t0, t1] in phase space in the form of figure 1. An integration around such a
closed loop, parametrized by ε is then just

∮
S =

∮
Θ1 =

∮
Θ2 = 0.

Figure 1: Two closed loops T(τ) and T(0) around a collection of real trajectories with a
tangent vector field X [63].

This means, that the quantity I =
∮
Θ is invariant of the choice of loop or in other

words, it is invariant under transportation generated by a vector field X tangent
to the real trajectories. In mathematical terms this can be expressed as LXI =∮
LXΘ = 0, where LX is the Lie derivative along X. Note that Θ is a differential

68



form and the Lie derivative of a differential form is given by LXΘ = XydΘ+d(XyΘ),
yielding the relation

0 =

∮
XydΘ ⇒ XydΘ = 0.

The 2-form

Ω = dΘ = dq ∧ dp+ dH ∧ dt,

is called the Poincaré - Cartan 2-form or (pre)-symplectic form. Substituting the
above definition into condition XyΩ = 0, we get

(dH − ∂H

∂t
dt)Xydt− (dp+ ∂H

∂q
dt)Xydq + (dq − ∂H

∂p
dt)Xyp = 0.

Going term by term we obtain the Hamiltonian EoM from the second and the third
term, giving us

ṗ = −∂H
∂q

and q̇ =
∂H

∂p
.

The first term then just yields the variation of the Hamiltonian in time, which is
0 if it does not explicitly depend on t. We see, that all the information about the
dynamics of the system are contained within the PC form.

2 Calculations from Chapter 5

2.1 Equations of motion for real vielbeins

The first line in 5.7 for the fields eaµ, taµ and Aµ yields
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∂µe
a
ν = −1

8
εµνρση

abp
(1)ρσ
b − 1

2

(
ωa[µce

c
ν] + ta[µAν]

)
(4)

∂µt
a
ν = −1

8
εµνρση

abp
(2)ρσ
b − 1

2

(
ωa[µct

c
ν] + ea[µAν]

)
(5)

∂µAν = −1

8
εµνρσθ

ρσ +
1

2
e[µct

c
ν]. (6)

The second line gives the relations for the polymomenta, i.e.

∂µp
(1)µν
a =

1

2

(
ωcaµp

(1)µν
c + tµaθ

µν + ecµπ
µν
ac −Aµp

(2)µν
a

)
(7)

∂µp
(2)µν
a =

1

2

(
ωcaµp

(2)µν
c − eµaθ

µν + ecµπ
µν
ac +Aµp

(1)µν
a

)
(8)

∂µθ
µν = −1

2

(
eaµp

(2)µν
a − taµp

(1)µν
a

)
. (9)

Resolving the above equations for the polymomenta yields

p(1)µνa = −εµνρσηab
(
2∂[ρe

b
σ] + ωb[ρce

c
σ] − tb[ρAσ]

)
p(2)µνa = −εµνρσηab

(
2∂[ρt

b
σ] + ωb[ρct

c
σ] + tb[ρAσ]

)
θµν = εµνρσ

(
e[ρct

c
σ] − 2∂ρAσ

)
,

from which we then can compute the curvatures specified in 5.15.

3 Calculations from Chapter 6

Following the approach in the main chapter, we make use of the symmetry between
the components of e and t. We start by computing the bracket for the constraint
C(ψ)i ≈ 0
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{H̃DW , ψ
µ
i Vµ} = λABµ • {ψδi Vδ, εµνρσεABCDVνeC[ρe

D
σ]}

= −λABµ •
(

∂

∂N i
ydV

(
εµνρσεABCDVνe

C
[ρe

D
σ]

))
= −λABµ •

(
2εµνρσεABCDVνe

C
[ρ

∂eDσ]

∂N i

)
= −λABµ •

(
2εµνρ0εABCdVνe

C
ρ e

d
i

)
= −λABj •

(
2ε̃jklεABCdVke

C
l e

d
i

)
≈ 0,

which gives a secondary constraint C(2)
(N)i to be analysed further.

For C(p)a ≈ 0 we get

{H̃DW , θ
µ
aVµ} = {θµaVµ, H̃DW }

=
∂

∂pa
ydV H̃DW

The only non-vanishing part of (− ∂
∂pa )ydV H̃DW is

∂

∂pa
H̃DW = N µ • ∂

∂pa
C(N)µ +N µi • ∂

∂pa
C(N)µi

+Mµ • ∂

∂pa
C(M)µ +Mµi • ∂

∂pa
C(M)µi,

which we can then compute term by term. The results are

∂

∂pa
C(N)µ =

Vµ
2
ε̃bcdε̃

ijktgiP
b
agt

e
jp
d
et
f
kp
d
f ,

∂

∂pa
C(N)µi =

Vµ
6
ε̃bcdε̃

jkledi

(
tgjηgat

e
kp
b
et
f
l p
c
f + 2tejpdt

e
kP

b
iet

f
kp
c
f

)
.

For the constraints C µν
(π)AB = πµνAB− 1

4εABCDε
µνρσeC[ρe

D
σ] ≈ 0 (as well as the constraint

resulting from π̃), we get
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{H̃DW , (π
µν
AB − 1

4
εABCDε

µνρσeC[ρe
D
σ])Vν}

= {πµνABVν , π
ρσ
CDω

E
[ρCω

ED
σ] }+ 1

8
τai • {P ia, εµνρσεABCDeC[ρe

D
σ]}

=
∂

∂ωABµ
(πρσCDω

C
[ρEω

ED
σ] ) +

1

4
τai ε

µνρσεABCDVν
∂

∂eai
(eC[ρe

D
σ]) ≈ 0,

which is an equation for τai and therefore not a secondary constraint.
The constraints C(N)µ, C(N)iµ, C(M)µ and C(M)iµ give the relations

{C(N)µ, H̃DW } = −τ̃ai • {P̃ ia, C(N)µ} − κa • {θa, C(N)µ}

{C(N)iµ, H̃DW } = −τ̃aj • {P̃ ja , C(N)iµ} − κa • {θa, C(N)iµ}

{C(M)µ, H̃DW } = −τai • {P ia, C(M)µ} − τ̃ai • {P̃ ia, C(M)µ} − κa • {θa, C(M)µ}

{C(M)iµ, H̃DW } = −τai • {P ia, C(M)iµ} − τ̃ai • {P̃ ia, C(M)iµ} − κa • {θa, C(M)iµ},

which haven’t been computed completely. The first two brackets take on the shapes

{C(N)µ, H̃DW } = −τ̃ai •
(
Vµ
2
ε̃bcdε̃

ijkpbat
e
jp
c
et
g
kp
d
g

)
− κa •

(
Vµ
2
ε̃bcdε̃

ijkteiP
b
adt

f
j p
b
f t
g
kp
c
g

)
{C(N)iµ, H̃DW } = −τ̃aj •

(
Vµ
6
ε̃bcdε̃

jkledi

(
pat

e
kp
b
et
g
l p
c
g − 2tekpep

b
at
g
l p
c
g

))
− κa •

(
Vµ
6
ε̃bcdε̃

jkledi

(
tejηeat

f
kp
b
f t
g
l p
c
g + 2tejpet

f
kP

b
af t

g
l p
c
g

))
.

The bracket {P ia, H̃DW } evaluates to

−Mµ • {P ia, C(M)µ} −Mµl{P ia, C(M)lµ}+ λABµ • {P ia, C
µ
(π)AB} (10)

= −Mµ •
(
Vµε̃abcε̃

ijk

(
1

2
tdjp

b
dt
e
kp
c
e +

1

3
tdjp

c
dt
e
kpep

d

))
(11)

− M̃µl •
(
Vµε̃abcε̃

ijk

(
1

2
tdl pdt

e
jp
b
et
f
kp
c
f +

1

3
tdl p

b
dt
a
jp
c
et
f
kpf

))
(12)

+ λABµ •
(
2Vνε

µνρσεABCD

(
∂

∂eai
eC[ρ

)
eDσ]

)
. (13)

Then we also have the brackets with P̃ and θ, which are
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{P̃ ia, H̃DW } = −
(
Mµ • {P̃ ia, C(M)µ}+Mµl • {P̃ ia, C(M)lµ}

+ N µ • {P̃ ia, C(N)µ}+N µl • {P̃ ia, C(N)lµ} − λ̃ABµ • {P̃ ia, C
µ
(π̃)AB}

)
{θa, H̃DW } = −−

(
Mµ • {θa, C(M)µ}+Mµl • {θa, C(M)lµ}

+ N µ • {θa, C(N)µ}+N µl • {θa, C(N)lµ}
)

and are still left to be evaluated completely.
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